Method of Least Squares
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/ Method of Least Squares \

Overview

Deriving formulas for different least squares filters

- Zeroth-order or one-state filter

- First-order or two-state filter

- Second-order or three-state filter

- Third-Order or Four-State System
Experiments with each of the filters

- Signal contaminated with noise

- Look at estimates and errors in the estimates

Filter comparison

K’-\ccelerometer testing example /
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What We Are Going To Do

Assume a polynomial form to represent signal

Estimate the coefficients of the selected polynomial by choosing a

goodness of fit criterion

Use calculus to minimize the sum of the squares of the individual
discrepancies in order to obtain the best coefficients for the selected

polynomial
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Zeroth-Order or One-State Filter
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Least Squares Method For Zeroth-Order System-1

We want to minimize

n 2 n 2
R=D (Xk-x¢) = (ag-x)
k:l k=1

T Measurements

Estimates

Expansion yields

n 2
~ * %2 %2 *
R=D (Xc-xp) =(ap-X]) +@o-x3) +...+(ap-xp)*
k=1

Using calculus we can minimize R

JdR . % .
—— =0 =2(ap-x])+2@y-x5)+...+2(29-X};)

dag

Recognizing that

n
XXy - Xn=- D Xi and s +a0+ ... + a =nag
k=1
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ﬂeast Squares Method For Zeroth-Order System-ﬁ

We get
O=nay - i xlt
Rearranging terms yields

n
> 5
k=1

n

aO:

Since

~

Xk = ag

We can say that the best constant fit to a set of measurement
data in the least squares sense is simply the average value
of the measurements!

Note that this is a batch processing technique since all the data
must be collected before an estimate can be made
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/ Numerical Example For Zeroth-Order System \

Sample measurement data

t|0123

12 .2 29 21

x*

We can express time in terms of the sampling time
t=(k-1)T k=123.,.

Another way of expressing the measurement data

k |1 2 3 4

kDTt o 1 2 3

*

X 12 .2 29 21

Solving for the best constant yields

= 1.2+2+42.9+2.1 _ 1 ¢

1
K - | /
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/ The Fit To Measurement Data is Poor With a \
Constant of 1.6
Measurement

3 AN

Estimate

E / +

+

0.0 0.5 1.0 15 2.0 2.5 3.0
Time (Sec)

*Can’t blame method of least squares since we specified zeroth-order

polynomial
K Fundamentals of Kalman Filtering: % 8

A Practical Approach




Check To See If We Minimized R

Using method of least squares value of 1.6

4 2
R=) (ag-x;) =(1.6-1.2)2 +(1.6-.2)2 +(1.6-2.9)2 + (1.6 - 2.1)2 = 4.06
k=1

Using a larger value of 2 yields larger R

4 2
R=D (a-x5) =2-1.22+2-2)2+(2-29%+(2-21)2=4.70
k=1

Using a smaller value of 1 also yields larger R

4 2
R = z (ag-x¢) =(1-12)2+(1-22+(1-2972+(1-2.1)2=5.50
k=1

Therefore it appears that a constant of 1.6 minimizes R

A Practical Approach
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First-Order or Two-State Filter
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Least Squares Method For First-Order System-1

Fit measurement data with “best” straight line

Q:ao + agt

Or in discrete form
Xk = ag + a; (k-1 T

We still want to minimize residual R
R=) (
k=1

We can expand R

>

* 2 c * 2
k-xp) =D [ag +ar(k-DTy - x|
k=1

R

n 2 } y
> lag +ai(e-DTg - x; 1 = (ag - x))*+(ag +a Ty - x3)*+...+(ag + a; (n-1)T; - x3)?
k=1

Minimize R by setting derivatives to zero

dR _ 0=2(ag - X}) + 2(@ +a;Ts - X5) +...+ 2[ag + a;(n-1)T - x};]

day

R
8a1

=0=2(ag +a;Ts - X5)Tg +...+ 2(n-1)Ts[ag +a;(n-DT - x;;]

Fundamentals of Kalman Filtering:
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Least Squares Method For First-Order System-2

We can simplify preceding two equations

n n
nag + ag Z k-DT, = z xlj
k=1 k:l

aoz (k-1)T, +alz [(k- 1)T Z (k-1)Tgx;,

These equations can also be expressed in matrix form as

n z (k-1)T, . gl X
k=1 | aJ _ n *
> kDT, Y ((k-DTP | gl (k-D)Txy ]
- k=l k=1 _

We can solve for the coefficients by matrix inversion

i (k-DT;
k=1

i (k-DT;

k=1

> [k-DT,)?
k=1

-1

n
2
k=1

n
> (k-DTex,
=1

Fundamentals of Kalman Filtering:
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Numerical Example For First-Order System

Recall
k |1 2 3 4 B

&DT 1o 1 2 3 |§ﬂ=

*

x, |12 229 21 i

Intermediate calculations

n
> (k-DTg = 0+1+2+3=t
k=1

n
D xp = 1.24.242.942.1 = 6.4
k=1

n 2
> (kDT =02+ 12 +22+32=14
k=1

n
D> (k-DTex, = 0%1.241%.242%2.943%2.1=12.7
k=1

Therefore

Eﬂ% 2 12 ]1{162%3%{ .75491 }

n __1 L *
! kgl (DT kgl b
i (k—l)TS i [(k_l)TS]Z kzl (k-l)Tst
k=1 k=1 4 - 7 -
*Note that this is a batch
processing technique since
all the data must be
collected before an estimate
can be made
> Xk =.79 + .54(k-1)T

Fundamentals of Kalman Filtering:
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Straight Line Fit to Data is Better Than Constant Fit

3.0 - —

. Measurement -
2.5 »

2.0 Estimate

xhat

1.5
1.0

0.5 -

0.0 L
I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Time (Sec)

Straight line fit residual is smaller than constant fit residual

R = [.79+.54(0)-1.2]2 + [.79+.54(1)-.2]2 + [.79+.54(2)-2.9] 2 + [.79+.54(3)-2.1]% = 2.61

Fundamentals of Kalman Filtering:
A Practical Approach




4 h

Second-Order Or Three-State Least Squares Filter
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Least Squares Method For Second-Order System-1

Fit measurement data with “best” parabola

§za0 +a1t+a2t2

Or in discrete form
Xk = ag + a1 (k-DT, + ap[(k-1)T, ]2

We still want to minimize residual R

n 2 n 2
R=D (Xe-x¢) = [ag +ai(k-DT +ar(k-1)2Ts - x{]
k=1 k=1

We can expand R

* * * 2
R = (ag-x})* + [ap+a; Ts+ayT2-x3)]* + ... + [ao+a; (n-1)Tg+ar(n-1)2Te-x%]

Minimize R by setting derivatives to zero

gfo =0= 2(a0—x>1k) + 2[a0+a1TS+a2T§—X;)] + ...+ 2[a0+a1(n—I)Ts+a2(n—1)2T§—X;§]

oR Dk 22 %

Ja. =0 = 2[ap+a; Ts+ar Ts-x5)]T + ... + 2[ap+a; (n-1)Ts+ax(n-1)“T-x,](n-1)T;
1

R _o= 2[ag+a; Te+ay T2-x3)|T2 + ... + 2[ag+a; (n-D)Ts+ar(n-1)2Ts-x5](n-1)2T2

88.2

Fundamentals of Kalman Filtering: 2-16
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Least Squares Method For Second-Order System-2

We can simplify preceding three equations

nag +alz (k-1)T +azz [(k-1)T,]? Z X

k=1 k=1
aoz (k-1)T +alz [(k-1)Ts] +azz [(k- 1)T = > (k-DTex,
k=1

n

aoz [(k-1)Ts] +alz [(k-1)T] +azz [(k- 1)T = z [(k-1)Ts]?

These equations can also be expressed in matrix form as

n 2 DTy 3 [(-DTP 2 X
k=1 k=1 k=1
n n n 1) n
> (-DT, Z [(k-DTJ? Z [(-DTP a5 Y keDTexg
k=1 k=1 k=1 a k=1
Z [(k-DT? D [(kDTP D [(k-DT > [(k-DTPxi
L. k=1 k=1 k=1 _ L k=1 |

Fundamentals of Kalman Filtering: 2-17
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Least Squares Method For Second-Order System-3

We can solve for the coefficients by matrix inversion

n n -1 n
n > DTy 3 [(-DTP > X
k=1 k=1 k=1
a0 n n n n .
a = > DTy > (kDT D [k-DTP > (k-DTex,
a k=1 k=1 k=1 k=1
> [k-DT)? [(k-DTP D [k-DTl > [(k-DTPxi
L. k=1 k=1 k=1 1 L k=1 _

*Note that this is a batch processing technique since all the data
must be collected before an estimate can be made

K Fundamentals of Kalman Filtering: le
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MATLAB Program to Solve For Three Coefficients

(1)

-

-

s

Data

g—g

—_ W=
—PN =9

P

i
NS

SUM3=0;

SUM4=0;

SUMS5=0;

SUMO6=0;

SUM7=0;

for I=1:4
SUMI1=SUMI1+T();
SUM2=SUM2+T()*T(I);
SUM3=SUM3+X();
SUM4=SUM4+TI)* X(I);
SUMS=SUM5S+Td)*T{)*Td);
SUM6=SUMO6+T()* TI)* T(D)*T);
SUM7=SUM7+T0)* TI)* X(1);

end

A(1,1)=N;

A(12)=SUMI;

A(1,3)=SUM2;

A2,1)=SUMI;

A(22)=SUM2;

A(2,3)=SUM5;

A(3,1)=SUM2;

A(32)=SUM5;

A(3,3)=SUMG6;

AINV=inv(A);

B(1,1)=SUM3;

B(2,1)=SUM4;

B(3,1)=SUM7,

ANS=AINV*B

kDTt o 1 2 3

*

12 .2 29 21

» ANS =

.84
.36

.05

Or

X = .84 + .39(k-1)Te+ .05[ (k-1)T 2

Fundamentals of Kalman Filtering: 2-
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Parabolic Fit To Data is Pretty Good Too

xhat

3.0 - _
] Measurement——— ' X
2.5 -
2.0 .
1.5 -
1+ :
1.0 - [
Estimate
0.5 -
] +
0.0 - [
I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time (Sec)

Parabolic fit residual is smaller than constant or straight line

fit residual

R = [.84+.39(0)+.05(0)-1.2] 2 + [.84+.39(1)+.05(1)-.2] 2 + [.84+.39(2)+.05(4)-2.9] 2 + [.84+.39(3)+.05(9)-2.1] 2 = 2.60

Fundamentals of Kalman Filtering:

A Practical Approach
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Least Squares Method For Third-Order System

Fit measurement data with “best” Cubic
X = ap + at + atP+ast>

Or in discrete form
Xk = a9 + a1 (k-1) T + a[(k-1) T2+ as[(k-1)T,]?

We still want to minimize residual R

n N 2
R = z ( Xk - Xk )
k=1

Using same minimization techniques as before

N n n n 1 n ]
n > kDT, D (k-DTP D [(k-DTP > X
k=1 k=1 k=1 k=1
TT > kDT S (k-DTFE D [k-DTF D [k-DT > (kDT
a k=1 k=1 k=1 k=1 k=1
t2ly) B n n n n n
a3 > [-DTP > [(DTP D [(kDTF > [(k-DTP > [k-DTPx
k=1 k=1 k=1 k=1 k=1
> [-DTF D [kDTF D [DTP D [(k-DTJ > [(k-DT,Pxy
L k=1 k=1 k=1 k=1 —1 L k=1 —

Fundamentals of Kalman Filtering:
A Practical Approach




T(1)=0;

SUMO9=0:
SUM10=0;
forI=1:4

end

A(1,1)=N;
A(1,2)=SUM1;
A(1,3)=SUM2;
A(1,4)=SUMS;
A(2,1)=SUM1;
A(2,2)=SUM2;
A(2,3)=SUMS;
A(2,4)=SUM6;
A(3,1)=SUM2;
A(3,2)=SUMS;
A(3,3)=SUM6;
A(3,4)=SUMBS;
A(4,1)=SUMS;
A(4,2)=SUM6;
A(4,3)=SUMS;
A(4,4)=SUM9;
AINV=inv(A);
B(1,1)=SUM3;
B(2,1)=SUM4;
B(3,1)=SUM7;
B(4,1)=SUM10;
S=AINV*B

Data

MATLAB Program To Solve For Four Coefficients

SUM1=SUMI+T(I);
SUM2=SUM2+T(1)*T(1);
SUM3=SUM3+X(1);
SUM4=SUM4+T(I)*X(1);
SUMS5=SUM5+T(I)A3;
SUM6=SUM6+T(I):;
SUM7=SUM7+T()* T()*X(I);
SUMS=SUMS+T(I)A5;
SUM9=SUMO9+T(1)A6;
SUM10=SUM10+T(I)* TD)*TA)*X(1);

Xy 12 .2 29 21
1.2
> ANS =| 225
5.45
-1.2

Or

X = 1.2 - 5.25(k - 1) T+ 5.45[(k-1DTJ2- 1.2[(k-DT, P

Fundamentals of Kalman Filtering: 2-22
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Third-Order Fit Goes Through All Four
Measurements!

Measurement

xhat

Estimate

=Y

I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Time (Sec)
Cubic fit residual is zero

R =[1.2-5.25(0)+5.45(0)-1.2(0)-1.2] 2 + [1.2-5.25(1)+5.45(1)-1.2(1)-.2] 2
+[1.2-5.25(2)+5.45(4)-1.2(8)-2.9] 2 + [1.2-5.25(3)+5.45(9)-1.2(27)-2.1] 2 =0

Fundamentals of Kalman Filtering:
A Practical Approach




/ For Least Squares Fit We Don’t Want To Always\

Cases considered

Svstem Order R

0

1
2
3

4.06
2.61
2.60

Minimize Residual

0 <«

"

The residual is the difference between estimate and measurement
Making the residual zero simply means that we pass polynomial
through all the measurements

- This will be bad when we consider noisy measurements

Estimate passes through all measurements

Fundamentals of Kalman Filtering: j%
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ﬂnother Example of Fitting Data With Various Ordh

Polynomials-1

Data First-Order

2_0_..5 .................... e e e e o T 2.0_..5 .................... e o o e e T

7| AN N S SO SR S SRS | S SRR S SR SN S|

05 o D 08

001 ... T T T T T L 001 ... T T T T T L

K Fundamentals of Kalman Filtering: /25
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ﬂnother Example of Fitting Data With Various Ordh

Polynomials -2

Second-Order Third-Order

- X | TE—— — SE— W— — SE— - - X | TE—— — SE— W— — SE— -

05 B 08

001 ... T T T T T L o0l ... . T T T T T L

x Fundamentals of Kalman Filtering: /26

A Practical Approach




Gother Example of Fitting Data With Various Order\

Polynomials -3

2.0

0.5

0.0l

Fourth-Order

Fifth-Order

- X | TE—— — SE— R — SE— -

05 ]

001 .. A A R S S L

Fundamentals of Kalman Filtering: /27
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Gother Example of Fitting Data With Various Order\

Polynomials -4

Sixth-Order

X | JE— — HR——— B — HR——— -

ool ]

0 1 2 3 4 5 6
x x
Fundamentals of Kalman Filtering:

A Practical Approach
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/ Experiments With Zeroth-Order or One-State Lea}

Squares Filter

X, = Signal + Noise

n
2 Xk
_ k=1

ao_

n

Xk = 4ag

Measurements considered

x* =1 + noise

Gnoise = 1 j Zeroth-order signal

x* =t + 3 + noise

Gnoise = 5 ] First-order signal

K Fundamentals of Kalman Filtering: jw
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FORTRAN Program For Conducting Experiments
With Zeroth-Order Least Squares Filter

GLOBAL DEFINE
INCLUDE 'quickdraw.inc'
END

IMPLICIT REAL*8 (A-H)
IMPLICIT REAL*8 (0-Z)
REAL*8 A(1,1),AINV(1,1)B(1,1),ANS(1,1),X(101).X1(101)
OPEN(1 STATUS=UNKNOWN'FILE=DATFIL)

SICGNOISE=1. < Measurement noise
TS=.1 ki
SUM3=0. standard deviation
SUMPZ1=0.
SUMPZ2=0.
DO 10 T=0.,10.,TS

gf@f %}AUSS(XN OISESIGNOISE) i

RSP , Actual signal

SRR

= +

VAN Measurement
CONTINUE L
A(1,D=N ]
B(L.)=SUM3 Zeroth-order filter

AINV(1,D)=1/A(1,1)
ANS(1,1)=AINV(i.1)*B(1,1)
DO 11 1=1 NMAX
T=.1%(I-1)
XHAT=ANS(1,1)
ERRX=X1(I)-XHAT ]
ERRXP=X(I)-XHAT Error computation
ERRX2=(X1(1)-XHAT)* *2
ERRXP2=(X(I)-XHAT)* *2
SUMPZ1=ERRX2+ SUMPZI1
SUMPZ2=ERRXP2+SUMPZ2
WRITE(9, )T X1(1).X(1) XHAT ERRX ERRXP SUMPZ1 SUMPZ2
WRITE(1 *)TX1(1).X(1) XHAT ERRX ERRXP SUMPZ1 SUMPZ2

CONTINUE
CLOSE(])

IEQI'{SE Fundamentals of Kalman Filtering:

TiND A Practical Approach




Zeroth-Order Filter Smoothes Noisy Measurements

Zeroth-Order Signal
Zeroth-Order Fit

0 2 4 6 8 10
Time (Sec)

Measurement

x* =1 + noise

Onoise = 1

Fundamentals of Kalman Filtering:
A Practical Approach




/Zeroth-Order Filter Yields Near Perfect Estimates of\

Constant Signal

1l S S e —
: :|Zeroth-Order Signal|

12 Actual | Zeroth-Order Fit

0.8 S— Y — S— S— F

0.6 . ................................... ......................... Estlmate ..................... ................................... ................................... -

0.4 S— — S— S— F

02 S—— T— N— S— L

00_----- """" -------- """ -------- """ -------- """ -....... """" ....-_
Time (Sec)

Measurement

x* =1 + noise
Choise = 1
Fundamentals of Kalman Filtering: 2-32
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/Estimation Errors Are Nearly Zero For Zeroth-Order\

Least Squares Filter

4_: ................. Measu.rement & ............................. Zeroth-Order S|gna| .................
: Estimate Zeroth-Order Fit |
2 S—— A— I A————— S
£ s & Vool i
g 0 ML 1 ™
= ] Y HEEE S RPN
o ¥ ' ontly . p
-2_: ................................. — CHR .........................................................................
: Signal &
ul Estimate
e S S O S
0 2 4 6 8 10

Time (Sec)

> (Signal - Estimate)? = .01507
K z (Measurement - Estimate)* = 91.92 /
Fundamentals of Kalman Filtering: 2-33
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/ Increasing Order of Signal and Changing Noise\

Standard Deviation

Measurement

x* =t + 3 + noise
Choise = J

K Fundamentals of Kalman Filtering: j%
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Zeroth-Order Least Squares Filter Does Not \
Capture Upward Trend of Measurement Data

30 .
1 First-Order Signal
Zeroth-Order Fit

............................................................................................................................................ fereeeee B

: P Tl
W 10 B = - CEIET IR M S SN S S 3P S S L
: L R AR Kt SN £ R
1 0 E S CI S S TR S S
E Estimate
. T . T LI | . LI LI . LI I T I
2 6 8

S0 B,
Time (Sec)

Measurement
K x* =t + 3 + noise /
Fundamentals of Kalman Filtering: 2-35
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/Zeroth-Order Least Squares Filter Can Not Estimate\

Slope of Signal

. S S S —
First-Order Signal| :

Zeroth-Order Fit

Actu:al

12_ ..........

ol I I B W

Time (Sec)

Measurement

x* =t + 3 + noise
Onoise = 5
Fundamentals of Kalman Filtering: 2-36
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Errors in Estimate of Signal Grow With Time

20 B S — — —
First-Order Signal| Measurement &
Zeroth-Order Fit | Estlmate i
10 i e : ................................... \ .................................
E g
=
a
Signal &
Estimate
-20 Trrrr LB [rrrr] Trrr T LB LB LN LR [rrrr LB T
0 2 4 6 8 10
Time (Sec)
2 (Signal-Esimaey’ =834 Larger values indicate filter
z (Measurement - Estimate)?* = 2736 is dive rging

Fundamentals of Kalman Filtering:

A Practical Approach
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ﬂxperiments With First-Order or Two-State Leasm

Squares Filter

— n __1
n (k-1)Ts
|30} _ kgl
a1 n
> &-DT, > [k-DTP? k%
- k=1 4

Xk = ag + a; (k-1 T
gk =aq

Measurements considered

x* =1 + noise

Gnoise = 1 j Zeroth-order signal

x* =t + 3 + noise

Gnoise = 5 ] First-order signal

* _ g4 1 .
K = 2”“5“"‘“] Second-order signal
Choise = 0

Fundamentals of Kalman Filtering: j%

A Practical Approach



ode For Conducting Experiments Wit

First-Order Least Squares Filter
IS\II=((})NOISE=1.; <—|

E%iﬁ;o; Measurement noise standard deviation
Soa:
SUM4=0.;
SUMPZ1=0.;
SUMPZ72=0.;
LV IS: 10
N=N+1; randn: ]
VLT S Actual signal
XD(N)=0.;

X(N)=X1(N)+XNOISE; ¢ Measurement

SUM1=SUMI +T;

SUM2=SUM2+T*T;

SUM3=SUM3+X(Nj;

SUM4=SUMA4+T*X(N);

NMAX-=N;
end -
A(1,1)=N;

A(1,2)=SUMI;
A(2,1)=SUM1:

A(2,2)=SUM2: < First-order filter

B(1,1)=SUM3;
B(2,1)=SUM4;
AINV=inv(A);
ANS=AINV*B; I
for I=1:NMAX

T=.1*{1-1);

XHAT=ANS(1,1)+ANS(2,1)*T;

XDHAT=ANS(2,1);

ERRX=X1 (I)-XHAT;

ERRXD=XD(I)-XDHAT; E
ERRXP=X(I)-XHAT; «

ERRX2=(X1(I)-XHAT)"2; rrors
ERRXP2=(X(I)-XHAT)2;

SUMPZ1=ERRX2+SUMPZ1;

SUMPZ2=ERRXP2+SUMPZ2;

count=count+1;

Array T(count)=T;

Array A(count)=X1(I);

ArrayB(count)=X(I);

Array XHAT(count)=XHAT,;

ArrayERRX(count)=FRRX;

Array ERRXD(count)=ERRXD;

ArraySUMPZI (count)=SUMPZ1 ;

ArraySUMPZ2 (count)=SUMPZ2;

oy Fundamentals of Kalman Filtering:
disp 'simulation finished A Practical Approach
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/F

irst-Order Filter Has Trouble in Estimating Zero

1.4

0.2]

™\

Order Signal

......................................................... E st,mate Zeroth-Order Signai
First-Order Fit

Actual

Measurement

x* =1 + noise
Choise = 1

0'0_-§||||

Time (Sec)

Fundamentals of Kalman Filtering: /40
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/Errors in Estimate of Signal and It’s Derivative Are\

Not Too Large

Zeroth-Order Signal
First-Order Fit  |........... - A——, AB—

$ i.-------------.h-------------'----------- N N EEEEEEEEEEEEEEEEE NN

g 003

= Actual x Dot

Minus Estimate
T~  Actualx
: Minus Estimate
IIII|IlllllllllllllilllllIlllillII|IIII|IIII|IIIII

2 4 6 8 10

Time (Sec)

2 (Signal - Estimate)” = 1.895 < Performing worse than
kz (Measurement - Estimate)? = 90.04 zeroth-order filter /
Fundamentals of Kalman Filtering: 2-41
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/ Increasing Order of Signal and Changing Noise\

Standard Deviation

Measurement

x* =t + 3 + noise
Choise = J

K Fundamentals of Kalman Filtering: jm
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First-Order Filter Does Much Better Job in
Estimating First-Order Signal Than Zeroth-Order
Filter

First-Order Signal| :
1 First-Order Fit _ R
12 T ................................... et ese e e ._.._....-...'..'. ........... +

Estimate

2_'_§ ____________________________________ Actual ___________________________________ ____________________________________

Time (Sec)

Measurement

x* =t + 3 + noise
Onoise = 5
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/First-Order Filter is Able To Estimate Derivative of\

First-Order Signal Accurately

1 First-Order Signal
1.0 i First-Order Fit | . A — +

L A— — - H— L

Differences

0.0 .................................. ................................ .................................. ................................. _

05 of . o — Actual x Dot [
i Actual x Minus Estimate |
Minus Estimate f

a0l — S— H— A— L

Time (Sec)
S (Signal - Estimate)? = 47.33 +—— Much better than zeroth-order filter

QMeasurement - Estimate)? = 2251 /
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/ Increasing Order of Signal and Changing Noise\

Standard Deviation

Measurement

x* = 5t2 -2t + 2 + noise

Onoise = 50

K Fundamentals of Kalman Filtering: j%
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First-Order Filter Attempts to Track Second-Order
Measurements

1 ——— S——— e — -

Second;Order Signél
First-Order Fit

400 _ ..........
300 ]
x 200

100 3

Time (Sec)

Measurement

x* = 5t2 -2t + 2 + noise

Onoise = 50

Fundamentals of Kalman Filtering:
A Practical Approach




G the Average First-Order Filter Estimates Second\

Measurement

x* = 5t2 -2t + 2 + noise

500 .

400
300 ]
200

100 3

Order Signal

Second-Order Signél
First-Order Fit

k Gnoise = 50

Time (Sec)

Fundamentals of Kalman Filtering: /47

A Practical Approach



/L

"

arge Estimation Errors Result When First-Order\
Filter Attempts to Track Second-Order Signal

100 — S — —
Second-Order Signal '
First-Order Fit

80 _ ...........

60 ]\ .................................. ...................... Actual x Dot ................................ _
Minus Estimate

40 3 N\ CActual x e o s
Minus Estimate
203 N\ o I — TAESAN ) A E

Differences

20 B NEEA E— offo A— L

aod O e R E

Time (Sec)

2 (Signal - Esimae)? = 143557~ Larger Values Indicate Filter

z (Measurement - Estimate)? = 331960 Is Diverging /
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Experiments With Second-Order or Three-State
Least Squares Filter

B n n 1 n 7]
n > DTy 3 [(-DTP > X
k=1 k=1 k=1
a0 n n n n .
a = > DTy > (kDT D (kDT > (k-DTex,
a k=1 k=1 k=1 k=1
D (kDT> D [-DTP > [(k-DT]* > [(k-DTPxi
L. k=1 k=1 k=1 1 L k=1 _

Xg = a9 + a1 (k-1)Tg + ap[(k-1)T;]?
X = ap+ 220 (k-1)T,
gk = 23.2

Measurements considered

x* =1 + noise

Gnoise = 1 j Zeroth-order signal

x* =t + 3 + noise

Gnoise = 5 ] First-order signal

* _ g4 1 .
=t ““"“] Second-order signal

Onoise = 50

Fundamentals of Kalman Filtering:
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MATLAB Code For Conducting Experiments With
Second-Order Least Squares Filter - 1

SIGNOISE=1.; <4+—
TS=1; . . e
N0, Measurement noise standard deviation
SUM2=0.;
SUM3=0.;
SUM4=0.;
SUMS5=0.;
SUMG6=0.;
SUM7=0.;
SUMPZ1=0.;
SUMPZ2=0.;
count=0;
for T=0:TS:10
N=N+1;
XNOISE=SIGNOISE*randn; "
XIN=L: < Signal
XD(N)=0.;
XDDN)=0.;
XMN)=X1(N)+XNOISE;
X XX < Measurement
SUM2=SUM2+T*T;
SUM3=SUM3+X(N);
SUM4=SUM4+T*X(N);
SUMS=SUMS5+T73;
SUM6=SUM6+T/M;
SUM7=SUM7+T*T*X(N);
NMAX=N;
end
A(1,1)=N;
A(1,2)=SUMI;
A(1,3)=SUM2; .
ORI Ve Solving for second-order filter coefficients
A(2,3)=SUM5;
A(3,1)=SUM2;
A(3,2)=SUM5;
A(3,3)=SUMG;
B(1,1)=SUM3;
B(2,1)=SUM4;
B(3,1)=SUM7,;
AINV=inv(A);
S=AINV*B; |

Fundamentals of Kalman Filtering:
A Practical Approach




MATLAB Code For Conducting Experiments With
Second-Order Least Squares Filter - 2

for I=1:NMAX
T=1*1-1); .
XHAT=ANS(1,1}+ANS(2, 1*T+ANS 3, 1)*T*T; State estimates
XDHAT=ANS(2,1)+2.*ANS(3,1)*T;
XDDHAT=2.*ANS(3,1);
ERRX=X1(I)-XHAT; —
ERRXD=XD(I)-XDHAT;
ERRXDD=XDD()-XDDHAT;
ERRXP=X(1)- XHAT: Errors
ERRX2=X1(I)-XHAT)";
ERRXP2=X()-XHAT)"2;
SUMPZI1=ERRX2+SUMPZI;
SUMPZ2=ERRXP2+SUMPZ2;
count=count+1;
ArrayT(count)=T;
Array A(count)=X1(I);
ArrayB(count)=X(I);
ArrayXHAT(count)=XHAT;
ArrayERR X(count)=ERRX;
ArrayERR XD(count)=ERRXD;
ArrayERR XDD(count)=ERRXDD;
ArraySUMPZ1(count)=SUMPZI;
ArraySUMPZ2(count)=SUMPZ2;

end

figure

plot(ArrayT, Array A, Array T, Array XHAT), grid

xlabel('Time (Sec)')

ylabel('Estimates and Actual')

axis([0 10 0 1.4])

figure

plot(Array T, ArrayERR X, Array T, ArrayERR XD, Array T, ArrayERR XDD), grid
xlabel('Time (Sec)')

ylabel('Differences')

axis([0 10 -.2 .5])

cle

output=[ArrayT', ArrayA', ArrayB', Array XHAT', ArrayERR X', ArrayERR XD', ArrayERR XDD', ArraySUMPZ1', ArraySUMPZ2'];
save datfil output -ascii

disp 'simulation finished

Fundamentals of Kalman Filtering:
A Practical Approach
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x* =1 + noise
Choise = 1

ﬁecond-Order Filter Estimates Signal is Parabola\
Even Though it is a Constant
1.4—_:

1.2

1.0

0.8
0.6_'§
0.4

0.2]

0.0—-§IIII LU LI B I | LI I I | LI I I |

Zeroth-Order Signal
Second-Order Fit

Actual§

Estiméte

Measurement

Time (Sec)
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Estimation Errors Between Estimates and States of
Signal Are Not Terrible When Order of Filter is Too
High

04_ .......... Zeroth-Order Signal| ... Actualx .../ _
Second-Order Fit ‘Minus Estimate
03_ __________________________________ __________________________________ ___________________________________ __________________________________ ______________________________ _
1 : ' Actual x Dot ' i
& Minus Estimate /' . -
T e Y T S & I £ S 2
|I|“"I'|I|I|I|
0 2 4 6 8 10
Time (Sec)
(Signal - Estimate)? = 2.63 Larger than zeroth and first-order filters

2
kMeasurement-ESﬁmate)z _g93 «——Smaller than zeroth and first-order filters

Fundamentals of Kalman Filtering:
A Practical Approach
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/ Increasing Order of Signal and Changing Noise\

Standard Deviation

Measurement

x* =t + 3 + noise
Choise = 1

K Fundamentals of Kalman Filtering: jﬂ
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/ Second-Order Filter Attempts to Fit First-Order\

Signal With a Parabola

14 — o e S _

] First-Order Signal [
127...|Second-Order Fit| = S ST LA [

01— R Bamss manes ] Basss Ranny -

0 2 4 6 8 10

Time (Sec)
Measurement

x* =t + 3 + noise
Choise = 1
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/ Second-Order Fit to First-Order Signal Yields \

Larger Errors Than First-Order Fit

20 |First-OrderSignall =~~~ = Actualx [ d

1 | Second-Order Fit| - Minus Estimate I
15_ __________________________________ A A N -

Actual x Double Dot Actual x Dot
£ Lo Minus Estimate Minus Estimate

E o5 o b e :
= 05 oy -
oo_"“"'_
-05_' O N A .................................... [

i LENLELEL | LI | I LI 1_|_rl LI I LENLELEL | LENLELEL I LI | LEELELEL I LN | | LENLELEL I

0 2 4 6 8 10

Time (Sec)

(Signal - Estimate)? = 658 +«———  Larger than first-order filter

2
2 (Measurement - Estimate = 2232 «———  Smaller than first-order filter

Fundamentals of Kalman Filtering:
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/ Increasing Order of Signal and Changing Noise\

Standard Deviation

Measurement

x* = 5t2 -2t + 2 + noise

Onoise = 50

K Fundamentals of Kalman Filtering: jﬂ
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/ Second-Order Filter Provides Near Perfect \

Estimates of Second-Order Signal

500 — e I B — —
Second-Order Signal :
Second-Order Fit Actual

Y — S—— e TN ik

300 _ ................................... ................................... .................................. S ................................ _

200 ................................... .................................. ol S B _

Estimate

100 ................................... el S ................................... _

Time (Sec)

Measurement

x* = 5t2 -2t + 2 + noise
Ghoise = 50
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The Error in the Estimates of All States of Second-
Order Filter Against Second-Order Signal are Better
Than All Other F|Iter Fits

20 _- ......... Second- Order S|gna| ................................ Actual X ..................... -_
Second Order Fit Minus Estlmate

15 _ ___________________________________ ___________________________________ A S— N fo L
' Actual x Dot '
Minus Estimate

10 _ ................................... ................................... ................................. — 1 A— _
Actual x Double Dot /

Differences

Min_us Estimate [ £ Y 4 SEIL

Time (Sec)

2 (Signal - Estimate)” = 6577. Both smaller than first-order filter

z (Measurement - Estimate)? = 223265

Fundamentals of Kalman Filtering:
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Comparison of Filters

Fundamentals of Kalman Filtering: /60
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/ Zeroth-Order Least Squares Filter Best Tracks \

Zeroth-Order Measurement

L R —— —— e -

1.0 Joem

T Y — S— S s ST

Estmalte of X

063 Y — — ol _

Zerothi—Order First-Order

04_' ................................... - s R —- ................................. _

020 S— S— . SecondOrder |

0.O—IIII ....... IIIIIIII ...... IIIIIIII ...... IIIIIIII|IIIIIIII|IIIII_
Time (Sec)

Measurement

x* =1 + noise
Choise = 1
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/First-Order Least Squares Filter Best Tracks First-\

Order Measurement

First-Order Signal| - First-Order

L Tl

Estmalte of X

Time (Sec)

Measurement

x* =t + 3 + noise
Choise = 1
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/ Second-Order Least Squares Filter Tracks \

Parabolic Signal Quite Well

500 . e e S — S -
1 |Second-Order Signal I

400 _ .................................. R ................................... .................................. ................. - _

Zeroth-brder First-Ordle
300 _: ................................. .................................. ................................. ............................... CERY S _

2001 | R N Y a1

L T T T o Ty £ TP T T PP T TP AP P PP TP T PP

Estmalte of X

w0l I < V.
E s E : Second-Order

True Siénal

Time (Sec)

Measurement

x* = 5t2 -2t + 2 + noise
Ghoise = 50
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ﬁom a Quantitative Point of View Best Estimates of

Signal are Obtained When Filter Order Matches

Signal Order

z (Signal - Estimate}

Signal Ordei 0 1 2
Filter Orde:
0 01057 834
1 1.895 47.38 143557
2 2.63 65.8 6577

*Note that diagonal elements are smallest

Fundamentals of Kalman Filtering: jﬂ
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From a Quantitative Point of View Estimates Get
Closer To Measurements When Filter Order Gets
Higher

Z (Measurement - Estimate)

Signal Orde 0 1 2
Filter Orde:

0 91.92 2736
1 90.04 2251 331960
’ 89.3 2232 223265

* Note that last row is smallest

K Fundamentals of Kalman Filtering: j“
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Accelerometer Testing Example

Fundamentals of Kalman Filtering: /66
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General Least Squares Coefficients For Different
Order Polynomial Fits

Before Xk =g +aj(k-D) T + ar[(k-1DTJ? + ... + ap[(k-DT,]"
In general y=ag +a1Xx +ax? + ... + a,x"
Order Equations
n
Zeroth Z ylt
_k=l
="
— _ B n =
n -1 *
First [ao]: k=1
a1 n
n n %
X
| k=1 k=1 _
— N - m— —
nooY % 2 OX > Yk
k=1 k=1 k=1

a9 n n n n
Second [a1]: Z Xk Z xﬁ Z Xi Z Xk}’lt

o~
I
—
o~
I
—
o~
I
—
o~
I
—

M=
>
9
M=
P
IS}
M=
>
~
M
>
7~
<
~ %
|

|
~
1l
~
1l
~
1l
1
|
~
1l
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Accelerometer Experiment Test Setup

Vertical A
Input Axis

Accelerometer

R

Accelerometer Output = gcosOx + B + SFgcofy + K(gcos@k)2

Theory = gcos6

A Practical Approach
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Formulating Error Equations For Least Squares
Filter

Error equation for perfect angular measurements

Error =Accelerometer Output - Theory = B + SFgcofy + K(gcosek)2

Error equation for noisy angular measurements

* * * 2
Error =Accelerometer Output - Theory = gcosOk + B + SFgcofk + K(gcosOx) - gcosOx

For filter implementation
Error — yg

%k
gcosfy — xg

It is important to note that

gcosGI*( - gcosBg #0

Fundamentals of Kalman Filtering:
A Practical Approach
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Nominal Values For Accelerometer Testing Example

Term Scientific Value English Units

Bias Error 10 ug 10%10°%32.2=.000322 ft/sec’
Scale Factor Error S ppm 5%10°

G-Squared Sensitive Drift 1 ug/g’ 1¥10/32.2=3.106%10" sec’/ft

A Practical Approach
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Filter Formulation
Measurement

* * 2 *
Vi = B + SFgcosfy + K(gcosBy) + gcosd - gcosOk

Independent variable

%k
Xk = gcosO

Use second-order fit to data because measurement appears to be

second-order

o = 2
Yk = agp + a1 X + aXj

Filter formula

n n 1 n
n z Xk z X% z ylt

k=1 k=1 k=1 §=a()
a0 n n n n o~
wld Sn S x| S . SF=q
0} k=1 k=1 k=1 k=1

K =
L k=1 k=1 k=1 1 L k=1 |

Fundamentals of Kalman Filtering:
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Method of Least Squares Applied to Acceleromete
Testing Problem - 1

BIAS=.00001%32.2;

SF=.000005;

XK=.000001/32.2;

SIGTH=0.;

G=32.2;

J1=0;

count=0;

for THETDEG=0:2:180 ] H
THET=THETDEG/57.3; Generatl ng
THETNOISE=SIGTH*randn; measureme nt
THETS=THET+THETNOISE;
11+, data
T(J1)=32.2*cos(THETS);
XIN=BIAS+SF*G*cos(THETS )+ XK*(G*cos(THETS))2-G*cos(THET)+G*cos(THETS);

end —

N=lJ;

SUM1=0;

SUM2=0;

SUM3=0;

SUM4=0;

SUMS=0;

SUM6=0;

SUM7=0;

for I=1:1]
SUMI1=SUMI1+T(O);,
SUM2=SUM2+T@)*T(),
SUM3=SUM3+X(D);
SUM4=SUM4+TD)*X(D);
SUMS=SUMS+T@)*T@)*T(D);
SUM6=SUMO6+TO)*T@O)*TOH*T);
SUM7=SUM7+T@)*T@)*X(I);

end

Fundamentals of Kalman Filtering:
A Practical Approach
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Method of Least Squares Applied to Accelerometer
Testing Problem - 2

A(1,1)=N;
A(1,2)=SUMI;
A(1,3)=SUM2;
AQ2,1)=SUMI;
AQ2,2)=SUM2; .
A(2.3)=SUMS:; Second-order least squares filter
A(3,1)=SUM2;

A(3,2)=SUMS5;

A(3,3)=SUMG;

AINV=inv(A);

B(1,1)=SUM3;

B(2,1)=SUM4;

B(3,1)=SUM7,;

ANS=AINV*B —
for JJ=1:N

PZ(D)=ANS(1,1)+ANS(2, )*T(UI)+ANS 3, | *TUN)*TQT);, € Filter estimate
count=count+1;
Array A(count)=T(J);
ArrayB(count)=X(J);
ArrayPZ(count)=PZ(JJ);
end
figure
plot(ArrayA, ArrayB, Array A, ArrayPZ), grid
xlabel('gcos(thet) (deg)")
ylabel('Measurement and Estimate')
axis([-35 35 0 .0005])
clc
output=[ArrayA', ArrayB', ArrayPZ'];
save datfil output -ascii
disp 'simulation finished

Fundamentals of Kalman Filtering:
A Practical Approach
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Without Measurement Noise We Can Estimate

500x10°° —

400 ...

3001

.l’r:l

200 .-

~

Accelerometer Errors Perfectly

B=.000322 Ft/Sec’
SF=5*10"°
""" |K=3.106*10"sec’/Ft| T e
Truth
essssssssssssssssssssadhbesssssssssssssssssassassfesssssssscssssassssssssadhacsscpasascsscsssnsssssfessssasssssssssssssasssafhbassssssssassnsasssnssansfesans — B = '000322 ft/secz

P SF = 5%10°
: Measurement & Estimate :
i ; K = 3.106%10°8 sec2/ft
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/With 1 uR of Measurement Noise We Can Nearly\

-
=

Estimate Accelerometer Errors Perfectly

500x10'6—_ ...... e e e — Estimate ;x5

B=.000321 Ft/Sec> \
SF=4.95*10"° _ . _
K=3.203*10°Secy/Ft| 7 s E

400 ...

Truth

3000 N : ....... ...... A S — N -
] P B = .000322 ft/sec?

2 e - SR SF = 5*10_6

200 |,
] K = 3.106%10°8 sec2/ft

/75
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There is a Difference Between Truth and Estimates
With 10 uR of Measurement Noise

.l’r:l

| B=.000308 F/Sec’

SF=4.51*10°

|k=4.082"10°Sec’/Ft

Truth

B =.000322 ft/sec?
SF = 5%10°¢
K = 3.106*%10°8 sec2/ft

Fundamentals of Kalman Filtering:
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With 100 uR of Measurement Noise We Can Not\
Estimate Bias, Scale Factor Errors or G-Sensitive
Drift

0-010—_ B=.000185 Ft/Sec |

SF=.0882*10° |}
1 RN K=12.87*10"Sec’/Ft| [
0.005 — . ......................... ......................... ..... I ..... -

Truth

LRI TR AET B T Bow Sahn | = 2
0.000 St Tyt T T A e B =.000322 ft/sec

3 [ SF = 5%10°¢

.l’r:l

I ¥V oy I K = 3.106%10°8 sec2/ft
-0.005 ... ......................... ......................... ......... P S * .................. S ..... -

SULIEEE R

-0.010 —-.;"I"é";ulu;ul ..... ;"I";"I..EHI".I";"I ..... T ."I..;“IHEHI".I";"I ..... T ";";"I";"I“;“;“I ..... I";"I."I“éulu;"l."l ..... T ..;“I".I";"I";"I“; ..... T ";"I";"éulu; -_
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/ Method of Least Squares \

Summary

Method of least squares is a batch processing method

- All data has to be collected before estimates can be made
Best to use filter order that is matched to signal order

- If filter order is too low get divergence

- If filter order is too high may be fitting noise rather than
signal

Batch processing formulas for various order least squares filters
presented

K Fundamentals of Kalman Filtering: jﬂ%
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