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/ Recursive Least Squares Filtering \

Overview

- Making zeroth-order least squares filter recursive

- Deriving properties of recursive zeroth-order filter

- First and second-order recursive least squares filters
- Structure and gains

- Errors in estimates due to measurement noise and
truncation error

- Comparison of various order recursive least squares filters
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- Method of least squares is a batch processing technique

- Matrix inverse required

"

Review \

- All measurements must be taken before estimates can be
made

- Dimensions of matrix inverse proportional to order of
polynomial fit (i.e. First-order fit requires two by two inverse)
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Zeroth-Order Recursive Least Squares Filter
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/ Making Zeroth-Order Filter Recursive - 1 \

Batch processing least squares filter formula

k

*
in

X = ap = _1=1k

Rewrite by changing subscripts

k+1

*
Z Xj
o i=1

Xk+1 = K+l

Expanding the numerator yields

k

* *
Z Xi + X1
~ i=1
Xk+1 = K+l

Since

k
z x; =kXy
i=1

By substitution we can say that
K =P
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Making Zeroth-Order Filter Recursive - 2

Can add and subtract the previous state estimate to the numerator

i _k§k+§k+xlﬁ+1 —ik _(k+1)/)zk+X1t+1 —/)Zk
et k+1 k+1

Rewrite the preceding equation as

Rl =X+ (X - X
k+1 k k+1 k+1

Changing subscripts yields

~ -~ E3 N
Xk = Xg.1 + % (Xg - Xk-1)

*This is recursive form we desire since the new estimate simply depends
on the old estimate plus a gain (i.e., 1/k for the zeroth-order filter)

times a residual (i.e., current measurement minus previous estimate)
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Properties of the Zeroth-Order Recursive Filter
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Another Form of the Zeroth-Order Recursive Filter

Recursive form of zeroth-order filter
gk = gk-l + KlkResk

Where filter gain is

K, =i k=12,..n

And residual is given by

Resy = xlt - X
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/ Numerical Example For the Zeroth-Order FiIter-1\

Previous measurement data

X 12 .2 29 21

Gain for first measurement

=1 _

K, =1
=™

For lack of any a priori information assume

X():O

Calculate residual as

Reslsz—§0=1.2—0=1.2

New estimate becomes

*We are able to make estimates
before all the data is collected

X; =Xo+KjRes; =0+ 1%¥1.2=12 <
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/ Numerical Example For the Zeroth-Order FiIter-z\

For next cycle with k=2

K :l:l:_
==y =3

Reszzx;—§1=.2—l.2=—1

Another estimate without
collecting all the data

/)22:/)21 +K12R682: 1.2+ .5%(-1)=.7 <
For next cycle with k=3

Ky, =

3

=.333

~ =
W =

Res3 =x3-X,=29-.7=22

X3 =X + K{,Res3 =.7 +.333%¥2.2 = 1.43 <
For last cycle with k=4
Ki,=1=1 =25

k 4

Resy = x) - X3 =2.1-1.43=.67

§4 = §3 + K14RGS4 =143+ .25%*67=1.6

Another estimate

Same answer obtained from
batch processing method
when all the data was collected
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/ Batch Processing and Recursive Least Squares\

Methods Yield the Same Answers After All
Measurements Are Taken
4
Zeroth-Order
Least Squares Filters Measurement
3 \
Recursive
Batch Processing
g 2 +
1 \/ /
Both Agree
Here
0 +
r-r+r 1 "1 rrrrrrrrrr ]
0.0 0.5 1.0 15 2.0 2.5 3.0
Time (Sec)
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/ Initial Conditions For Recursive Least Squares\

Filter Are Not Important

Assume a different initial condition

Xo = 100

Start first cycle of recursive equations with k=1

K :l:lzl
=™

Res| = x| - Xp = 1.2 - 100 = -98.8

This is same answer as when

X1 =X + K; Res; = 100 + 1%(-98.8) = 1.2 . g eee
X1= %0+ KiRes = 100+ 1%(-98.8) the initial condition was zero
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@iving a Formula For Variance in Filter’s Estimattm

Recursive filter form is given by

Xk = Xk-1 +%(XE - Xk-1)
The error in the estimate is

X=X = X Kot = (65 - Xie) Signal minus estimate and not
t measurement minus estimate

Measurement is simply the signal plus noise

XE=Xk+Vk

Substitution yields

Xk - Xk = Xk - Xk-| -%(Xk+Vk-Xk-1)

Since signal is constant for zeroth-order system

K Xk = Xk-1 /
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Deriving a Formula For Variance in Filter’'s Estimate - 2

Substitution yields

X = -x I_L_l
Xk - Xk = (Xgo1 - Xk-1) ( k) 1 VK

Square both sides of the preceding equation
(k- X10% = (e - 30 (- D7 - 200 - D -3+ dhvy?

Take expectations of both sides of the equation
Bl(xk - X10%] = Bl - %] (1= D) - 201 - DElGoer - Xievidl + BIL v
If we define

E[(x - Xi)%] =Py

E[vi] = 63

Fundamentals of Kalman Filtering:
A Practical Approach




Deriving a Formula For Variance in Filter’'s Estimate - 3

And assume that the noise is not correlated with the error in the estimate
E[(Xk-1 - Xk-1)Vk] =0
We get

1,2, Ca
P =P (1-1)?4+ 01
k = Pr1( k)+k2

Using engineering induction to solve preceding difference equation

2
P, =Po(l - 1)? 4901 = 52
1 12

2 2
Py=Py(1-1y 4% _521,0 _%

2 2 2 2
1), Of _0Oi4,0f_of

3 T3T2979 73 Formula for variance of error
In the estimate

P3 =Py(1 -

2 2 2 2
Py=Py(1-1)7+% -0 9 L 00 O

42 316 16 4

Trend indicates that

<

Fundamentals of Kalman Filtering: 3-
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/ Deriving a Formula For Filter Truncation Error - N

Suppose signal is one degree higher than filter

Xx =ag +ajt=ag + a;(k-1)Ts

Error in the estimate

81<=X1<-§1<

Recall batch processing formula for zeroth-order filter

k

3
X
o =l

Tk

In the noise free case we obtain

k k k k k
xi D lag+ai-DT] a0) +aTy) i-aTsy
o o=l _ =l _ =l i=1 i=1

k k k

Since math handbooks tell us that

i=1

& k(k+1)

2 i=")

i=1 Fundamentals of Kalman Filtering: 3-16

A Practical Approach




ﬂ)eriving a Formula For Filter Truncation Error - 2\

Substitution yields

 ak+ alTSk(k;l) - a1 Tk

Xk = k2

=ag+ %5 1)

Therefore error in the estimate given by

T a,T Truncation error

€ = Xx - Xk = ag + a1 Tg(k-1) - ag - Ts(k_l) - Ts(k_l) formula

K Fundamentals of Kalman Filtering: JU

A Practical Approach




FORTRAN Simulation For Testing Zeroth-Order Filter

10

GLOBAL DEFINE
INCLUDE 'quickdraw.inc'

END

IMPLICIT REAL*8(A-H,0-Z)

OPEN(1STATUS="UNKNOWN'FILE='DATFIL")

TS=.1

iIOGNOISEﬂ- < Standard deviation of noise
=1. . . . i

Al=0. __| < Polynomial coefficients of signal

XH=0.

XN=0.

DO 10 T=0.,10.,TS .

XN=XN-+1. Signal

CALL GAUSS(XNOISESSIGNOISE) |

ACT=A0+AI*T <«

XS=ACT+XNOISE Measurement

XK=1./XN - .
RES=XS-XH :| < Recursive filter
XH=XH+XK*RES

SP11=SIGNOISE/SQRT(XN)

XHERR=ACT-XH < Actual error in estimate
EPS=.5* A1*TS*(XN-1)

WRITE(9,*)T,ACT XS XH XHERR SP11-SP11EPS

WRITE(1,*)T,ACT XS XH XHERR SP11-SP11EPS

CONTINUE

CLOSE(1)

PAUSE

END

Fundamentals of Kalman Filtering:

A Practical Approach
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/ Zeroth-Order Recursive Least Squares Filter is\

Able to Track Zero-Order Polynomial Plus Noise

Zeroth-Order Filter| T

_i Estirﬁate

Time (Sec)

Measurement

x* =1 + noise
Onoise = 1
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/ Single Run Simulation Results Agree With \

Theoretical Formula

1.0 —pe e — e —

Zeroth-Order Filter| T

éSimuIationé . Theory

0.5-{ %

Theory

P, = Sn
P

BTor in Estimake

Time (Sec)

Measurement

x* =1 + noise
Choise = 1
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/ Zeroth-Order Recursive Least Squares Filter is\

Unable to Track First-Order Polynomial

20 e R _

1 |Zeroth-Order Filter

1 | First-Order Signal
TS I T i i

Tréue Signal
= 10 _- ................................................................... ...................................................................... -
3 D = KT L _________________________________ — B

] Estimatej
0_-] """"""""" L [rrrr LR [rrr N -|-- """"" LR [rrrr] LB T
0 2 4 6 8 10
Time (Sec)
Measurement

X* =1 +2t /
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/Simulation Results and Truncation Error Formula\

are in Excellent Agreement

10 S PR———— —

Zeroth-Order Filter
First-Order Signal | :

BTor in Estimakte of x

8 e

Theéry and Simuilation

Time (Sec)

Theory

k & = %(k-l) = 5525 1(k-1) = . 1(k-1)
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/ Summary of Results So Far For Zeroth-Order \

Recursive Least Squares Filter

Formulas for errors in estimates due to noise and truncation error

P, =%

& = .SaTs(k-1)

As more measurements are taken
- Less error in estimate due to measurement noise
- More error in estimate due to truncation error

K Fundamentals of Kalman Filtering: Jﬁ
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FORTRAN Monte Carlo Simulation for Testing
Zeroth-Order Recursive Least Squares Filter

GLOBAL DEFINE
INCLUDE 'quickdraw.inc'
END
IMPLICIT REAL*8(A-H,0-Z)
OPEN(1,STATUS='"UNKNOWN"FILE="DATFIL1")
OPEN(2,STATUS='"UNKNOWN"FILE="DATFIL2'")
OPENQ3,STATUS='"UNKNOWN"FILE="DATFIL3'")
OPEN4,STATUS='"UNKNOWN'FILE="DATFIL4'")
OPEN(5,STATUS='"UNKNOWN"FILE="DATFILS')
DO 11 K=15
TS=.1
SIGNOISE=I.
AO0=L.
A1=0.
XH=0.
XN=0.
DO 10 T=0.,10.,TS
XN=XN+1.
CALL GAUSS(XNOISE,SIGNOISE)
ACT=A0+A1*T
XS=ACT+XNOISE
XK=1./XN
RES=XS-XH
XH=XH+XK*RES
SP11=SIGNOISE/SQRT(XN)
XHERR=ACT-XH
EPS=5*A1*TS*(XN-1)
WRITE(Y,*)TXHERR,SP11,-SP11
WRITE(K,*)LXHERR,SP11,-SP11
CONTINUE
CLOSE(K)
CONTINUE
PAUSE
END

Loop for making 5 runs

Fundamentals of Kalman Filtering:

A Practical Approach
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/ Monte Carlo Results Lie Within the Theoretical \

Bounds Approximately 68% of the Time

1.0 2o Zoroth-Order Filter] — —— r
. 5 Runs

I T
e

0.5 b .................................. ................................... .................................. .......... _ Theory

1 1 1

0.0

BTor in the Estimate of X
s .-?;#I ..- = =

1 I T T |
- O T T i e
- -
.
L

Time (Sec)
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First-Order Recursive Least Squares Filter
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First-Order Recursive Filter Structure

Using techniques similar to those of the previous section, we can convert
the batch processing first-order least squares filter to a recursive form.
After much algebraic manipulation we obtain

Gains

2(2k-1)
= k=12....
™ K (k+1) 2o

K, =0
2T k(k+ DT,

Filter

Resk = Xlt - g(\k-l - Xk-lTs

g(\k = g(\k-l + X Ts + KIkReSk

Xk = X1 + szResk

Fundamentals of Kalman Filtering:
A Practical Approach
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Numerical Example For First-Order Filter-1

Recall from previous section measurement data given by

x; =12

) Assume
X2=.2 T _1 N

By s X0=0
X3=29 R

% Ko =0

Xt =2.1 %0

First iteration (k=1)
_22k-D) _22%1-1) _
P k(k+1) T 1(1+1)

2 = et DT, 1+ DA

K

Res; =X -Xo - XoTs = 1.2-0-0%1 = 1.2
X1 =Xo + 0Ty + K; Res; = 0+ 0%1 +1¥1.2 = 1.2

X1 = %o +Ko,Res; =0 +3%1.2=3.6

Fundamentals of Kalman Filtering:
A Practical Approach
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Numerical Example For First-Order Filter-2

Second iteration (k=2)

_20k-1) _2(2%2-1) _ |

Ki.= k(k+1) ~ 22+1)

K= 0 - 6 _
22 k(k+1)T; 2Q2+1)*1

Resy =X - X1 - X1 Ts =.2 - 1.2 - 3.6%1 = -4.6

%o =X1 + 1T + Ki Resy = 1.2 + 3.6%1 +1%(-4.6) = .2

;(.\2 = ;(.\1 + Kj,Resy =3.6 + 1%(-4.6) = -1

Third iteration (k=3)

C202k-1) _2(2%3-1) _5

L7 %k+1) ~ 33+1) 6

K —_— 6 = 6 =.
2 et DT, 3G+

Ress = X5 - X - XoTs = 2.9 - 2 - (-1)¥1 = 3.7

X3 =X + %o Ts + K; Ress = .2 + (-1)¥1 +%*3.7 =228

%3 = %> + Ko Ress = -1 + .5%3.7 = .85

Fundamentals of Kalman Filtering:
A Practical Approach
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Numerical Example For First-Order Filter-3

Last iteration (k=4)
_2(2k-1) _2(2*4-1) _
YT k(k+1) T 434+1)

K —_— 6 = 6 =.
2 et DT, 4@+ DA

K;

Resy = X, - X3 - X3T = 2.1 - 2.28 - .85%1 = -1.03

R =%y + KT, + Ky Resg = 228 + 85%1 +.7+(1.03) = 2.4l  Oame answer as obtained
- with first-order batch
X4 = X3 + K ,Resq = .85 + .3*%(-1.03) = .54 processing filter

A Practical Approach

Fundamentals of Kalman Filtering: 3-



/First-Order Recursive and Batch Processing Least
Squares Filters Yield the Same Answers After All
Measurements are Taken

First-Order Measurement
Least Squares Filters
d Both Agree
Here
3
Recursive

+

Batch Processing

I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Time (Sec)
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Important Performance Formulas For First-Order
Filter

The following formulas are stated but are not derived

Variance of error in estimate due to measurement noise

_ 2(2k-1)03
e Tk 1)

_ 1203
k(k2-1)T2

2

Error in estimate due to truncation error
xp = ag + ajt+ a2 = ag + a1 (k-DT, +ap(k-1)2T2 «—@Given second-order signal

g = la T2(k-1)(k-2)
6 2

g = apT(k-1)

Fundamentals of Kalman Filtering:
A Practical Approach
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FORTRAN Simulation For Testing First-Order
Recursive Least Squares Filter

GLOBAL DEFINE
INCLUDE 'quickdraw.inc'
END

Irl\éIPIiICIT REAL*8(A-H,0-Z)
SIGNOISE=S. ¢ Standard deviation of noise

OPEN(1,STATUS=UNKNOWN',FILE=DATFIL")
OPENQ2,STATUS=UNKNOWN',FILE='COVFIL")
AO0=3. . = = .
Al=l. < Polynomial coefficients of signal
A2=0.
XH=0. =
XDH=0.
XN=0

DO 10 T=0.,10.,TS

XN=XN+1.

CALL GAUSS(XNOISE,SIGNOISE)

§B’i&ﬁ‘i§f£5?%f” ] < IVISlgnaI and derivative
T — sasurement
RES_XSXILTSXDH <—— Recursive filter

XH=XH+XDH*TS+XK1*RES
XDH=XDH+XK2*RES _ |
IF(XN.EQ.1)THEN

LET SP11=0
LET SP22=0

ELSE
SP11=SIGNOISE*SQRT(2.*(2*XN-1)/(XN*(XN+1)))
SP22=SIGNOISE*SQRT(12/(XN*(XN*XN-1)*TS*TS))

ENDIF

XHERR=X-XH - < Actual errors in estimate
XDHERR=XD-XDH

EPS=A2*TS*TS*(XN-1)*(XN-2)/6

EPSD=A2*TS*(XN-1)

WRITE(@9,*)T,X,XS,XH,XD,XDH

WRITE(1,*)T, X, XS, XH,XD,XDH
WRITEQ2,*)T,XHERR,SP11,-SP11,EPS,XDHERR,SP22,-SP22, EPSD
CONTINUE

CLOSE(1)

CLOSE(2)

PAUSE

END Fundamentals of Kalman Filtering:

A Practical Approach




/First-Order Recursive Least Squares Filter is Able\

to Track First-Order Signal Plus Noise

DD e —— ——— -

15

Measurement

20 S True Signal S — L

Measurement

x* =3 + t + noise
Onoise = 5

Time (Sec)

Fundamentals of Kalman Filtering: /34
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/First-Order Recursive Least Squares Filter is Able\

to Estimate Derivative of Signal

o

oE || — R I — I

¥ Dot

True Derivative

Time (Sec)

Measurement

x* =3 +t + noise
Onoise = 5
Fundamentals of Kalman Filtering: 3-35
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/ Single Run Simulation Results For First State \

Agree With Theoretical Formula

1 First-Order Recursive| [
e — — R Least Squares Filter |...... -

SN/ AT I

- ) DO 4 R & | S ............................ ................................ ...................... -_ 3 2(21(-1)(5%
I Pre=a) e

______
........

BTor in Estimakte of x

. Simulation

-I LI | LU I LU | LU I LI | LI I LU | LU I LU | LI B I | I-
0 2 4 6 8 10
Time (Sec)

Measurement
x* =3 + t + noise
Onoise = 5
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/ Single Run Simulation Results For Second State\

Also Agrees With Theoretical Formula

First-Order Recursive |
Least Squares Filter

Theory
@ — 120121
k(k2-1)T?

BTor in Estimate of X Dot

Time (Sec)

Measurement

x* =3 +t + noise
Onoise = 5
Fundamentals of Kalman Filtering: 3-37
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Simulated Error in the Estimates of First State
Appear to Lie Within Theoretical Error Bounds 68%
of the Time

First-Ofder Filter
Theory 5 Buns

.
- ny Theory
s :
'E L ——  [202k-1)c2
E Pri= k(k+1)
; /

I I I I I T | T I I I

0 2 4 6 8 10

Time (Sec)

K Fundamentals of Kalman Filtering: /38

A Practical Approach




Simulated Error in the Estimates of Second State
Appear to Lie Within Theoretical Error Bounds 68%
of the Time

10 -

First-Order Filter
5 Runs

Theory

-_ 1262
T Py = %
1L k(k=-1)T%

BTor in Estimate of x Dot
o
1 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 1
A A e B A S R R YR A el

-10_':"':'1 :‘-': """ -------- """ -------- """ -------- """ -------- """" -----_

Time (Sec)
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First-Order Recursive Least Squares Filter is
Unable to Track the First State of a Second-Order
Polynomial

300 [ First-Order Filter | e — s
1. |Second-Order Signal - 1

250 ................................... ................................... e ................................... .......... ._...'..'. ............... :_

200 o Truesignal o a

* 150 _' ................................... ................................... .................................. o ............. ................................... _

100 _ ................................... ................................... ..................... : IR - S _
] - Estjmate :

501 E— . — I

Time (Sec)

Measurement

X =1+2t+ 3 /
Fundamentals of Kalman Filtering: 3-40
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First-Order Recursive Least Squares Filter is \

Unable t

60 —.
50

40

¥ Dot

201

10__.5 ............... e SRR ST R—— Estimate

30

o Track the Second State of a Second-
Order Polynomial

First-drder Filter
Second-Order Signal

Measureme

x*=1+2t+ 3%

Time (Sec)

nt

Fundamentals of Kalman Filtering: /41
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/Simulation Results and Truncation Error for First\

State are in Excellent Agreement

50 7 c—oaerFer 1 — Ea— r

Second-Order Signal

P R R N S

S — N—— — e f A I Theory
Theory & Simulation

if : r & = ca T2 (k-1)(k-2)
20 I—— I—, S— S— - 2

BTor in Estimakte of x

10 ................................... .............................. T .................................... _

Time (Sec)

Measurement
K x*=1+2t+ 3 /
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/ Simulation Results and Truncation Error for \

Second State are in Excellent Agreement

. S PR—— FR———— :

: First-Order Filter
o5 1. |Second-Order Signal

20 S—— S— o S
15_: .................................... ................................... ............................. ................................... ....................................

10T — A— N A

BTor in Estimate of X Dot

. Theory & Simulation

Time (Sec)

Measurement

x*=1+2t+ 3%

A Practical Approach

Theory

& = ,To(k-1)

Fundamentals of Kalman Filtering:

/43
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Second-Order Recursive Least Squares Filter
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Second-Order Recursive Filter Structure

Using techniques similar to those of the first section, we can convert
the batch processing second-order least squares filter to a recursive form.
After much algebraic manipulation we obtain

Gains

3(3k2-3k+2)
2 SOKIOKH2) o
b ik D(ka2) oo

18(2k-1)

KsH =
2T k(k+ 1) (k+2)T,

Ky = 60
k(k+1)(k+2)T2

Filter

Resk = Xlt - /)Zk-l - Xk-lTs - 5 Xk_ng
g(\k = g(\k-l + Xi1 Ts + .SXk_ng+ KlkReSk
Xk = Xg-1 + Xk_ng+ szReSk

Xk = Xk-l + K3kResk

Fundamentals of Kalman Filtering:
A Practical Approach

3
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Numerical Example For Second-Order Filter-1

Recall from previous Lecture measurement data given by

xi=12 Assume

1

X5 =.2 T =1 X0 =0
s o

X3 =2.9 Xp =0

x;=2.1 X0 =0

First iteration (k=1)

_3(3k2-3k+2) _ 3(3*1-3*1+2)
D7k D)(k+2) — 12)3)

_ 18(2k-1)  18(2-1) _
2, = k(k+1)k+2)T, B 1(2)(3)(1) -

Ka = 60 _ 60 _1o
Lok D(k+2)T2 LG)(D)

Res; =X - Xg - XoTs - .5%T2=12-0-0-0=1.2

X1 =Xo + XoTs +.5%X0T2+ Ky, Res; =0+ 0 + 0 +1¥1.2 = 1.2
X1 = X + XoTs+ Ko Res; =0 + 0 + 3%1.2 = 3.6

X1 =Xo + K3,Res; =0 + 10%¥1.2 = 12

Fundamentals of Kalman Filtering:
A Practical Approach

3
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Numerical Example For Second-Order Filter-2

Second iteration (k=2)

_3(3k2-3k+2) _ 3(3*4-3%2+2)
DTk k+2) T 203)@4)

_ 18(2k-1) _ 18(2*2-1) _ 595
2= k(k+1)k+2)Ty  2(3)(4)(1)

Ka = 60 _ 60 _»s5
T k(k+1Xk+2)T2  23)@(D)

Resy = x5 - X - X, Ts - .5%, T2 =2 - 1.2-3.6- .5¥12 = -10.6

%o =X1 + %, Ty +.5%, T2+ K| ,Resp = 1.2 + 3.6 + .5%12 +1%(-10.6) = .2
%> = %1 + X1 Ts+ Ko,Resp = 3.6 + 12 + 2.25%(-10.6) = -8.25

X» =X; +K3.Resp = 12 + 2.5%(-10.6) = -14.5

Fundamentals of Kalman Filtering:
A Practical Approach
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Numerical Example For Second-Order Filter-3

Third iteration (k=3)

_3(3k2-3k+2) _ 3(3%9-3%342)
BTk D)(k+2) — 3@)(G5)

182k-1) _ 18(2%3-1) _

27 k(k+1)k+2)Ty  3(H(S)(1) L5

Ka = 60 60
B ke IYk+2)T2 3@G)D)

Res; = X5 - Xa - XoTs - .5%,T2 =2.9 - 2 - (-8.25) - .5%(-14.5) = 18.2

X3 =X + %oTs +.5% T2+ K| Res; = .2 - 8.25 + .5%(-14.5) +1¥18.2 = 2.9

%3 = %o + XoTs+ Ko Ress = -8.25 - 14.5 + 1.5¥18.2 = 4.55

X3 = X, + K3 Resy = -14.5 + 1¥18.2 = 3.7

Fundamentals of Kalman Filtering:
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Numerical Example For Second-Order Filter-4

Last iteration (k=4)

30K2-3k+2) _ 3(3%16-3%442) 19
BTk D(K$2) T 4G5)6) 20

_ O 18(2k-1) _18(2%4-1) 91
2T K(k+1)Kk+2)T, _ 4(5)(6)(1) _ 20

Same answer as obtained

Koo 60 _ 60 _ s with second-order batch

kX422 4SO processing filter

Res; = X. - X3 - X3Ts - .5X3T2 = 2.1 - 2.9 - 4.55 - 5%3.7 = -7.2

Xa=X3 +%3Ts +.5%3T2+ K Ress = 2.9 + 4.55 + .5%3.7 %*(-7.2) =246

%4 = X3 + X3Ts+ Ko Resy = 4.55 + 3.7%1 + %*(-7.2) = .69

X4 = X3 + K3, Resy = 3.7 + 5%(-7.2) = .1

Fundamentals of Kalman Filtering: 3-49
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Recursive and Batch Processing Second-Order
Least Squares Filters Yield the Same Answers After
all the Measurements are Taken

Second-Order Both Agree
Least Squares Filters Recursive Here

Measurement

T T T T T T T T T T T T I T T T T I T T T T I T T T T I
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Time (Sec)

k Fundamentals of Kalman Filtering: JSO
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Important Performance Formulas For Second-Order
Filter

The following formulas are stated but are not derived

Variance of error in estimate due to measurement noise

_ 3(3k2-3k+2)02
He™ ek 1) (k+2)

_ 12(16k?-30k+11)03

Pyo, 5
k(kz— 1)(1(2—4)TS

72003
k(k2-1)(k2-4)T?

P33, =

Error in estimate due to truncation error

Xp = ag +ajt + ay?+ a3t = ap +a;(k-1)Ts + ap(k-1)2T>+ az(k-1)°T>

& = La T3(k-1)(k-2)(k-3) T

20 3
| Given third-order signal
£ =%a T2(6k2-15k+11)
3

& = 3a3Ty(k-1)

Fundamentals of Kalman Filtering:
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FORTRAN Simulation for Testing Second-Order
Recursive Least Squares Filter - 1

GLOBAL DEFINE

INCLUDE 'quickdraw.inc'
END
IMPLICIT REAL*8(A-H,0-Z)
OPEN(1,STATUS=UNKNOWN',FILE=DATFIL")
OPENQ2,STATUS=UNKNOWN',FILE=COVFIL")
TS=.1
SIGNOISE=30. < Standard deviation of noise
Al=2. . . = .
A2=S, < Polynomial coefficients of signal
A3=0.
XH=0.
XDH=0.
XDDH=0.
XN=0.
DO 10 T=0,10.,TS
XN=XN+1.
CALL GAUSS(XNOISE,SIGNOISE)
X=A0+A1*T+A2*T*T+A3*T*T*T = =’ = =
o j «—— Signal and it’s derivatives
XDD=2*A2+4+6*A3*T
XS=X+XNOISE ¢ Measurement
XK1=3#(3*XN*XN-3*XN+2)/(XN*(XN+1)*(XN+2)) ]
XK2=18*(2#XN-1)/(XN*(XN+1)*(XN+2)*TS)
XK3=60/(XN*(XN+1)*(XN+2)*TS*TS) 4 H i
RES=XS-XH-TS*XDH-.5*TS*TS*XDDH RecurS“’e fllter
XH=XH+XDH*TS+.5*XDDH*TS*TS+XK1*RES
XDH=XDH+XDDH*TS+XK2*RES
XDDH=XDDH+XK3*RES |

Fundamentals of Kalman Filtering:

A Practical Approach
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FORTRAN Simulation for Testing Second-Order
Recursive Least Squares Filter - 2

IF(XN.EQ.1.0R.XN.EQ.2)THEN

SP11=0
SP22=0
SP33=0
ELSE
SP11=SIGNOISE*SQRT(3*(3*XN#*XN-3%XN+2)/(XN*(XN+1 )*
(XN+2)))
SP22=SIGNOISE*SQRT(12%(16*XN*XN-30*XN+11)/
(XN#(XN#XN-1)*(XN#XN-4)*TS*TS))
SP33=SIGNOISE*SQRT(720/(XN*(XN*XN-1*(XN*XN-4)
*TS*TS*TS*TS))
ENDIF ] ]
XHERR=X-XH ] < Actual errors in estimates
XDHERR=XD-XDH
XDDHERR=XDD-XDDH

EPS=A3*TS*TS*TS*(XN-1)*(XN-2)*(XN-3)/20

EPSD=A3*TS*TS*(6*XN*XN-15*XN+11)/10

EPSDD=3*A3*TS*(XN-1)

WRITE(9,*)T, X, XS, XH,XD,XDH,XDD,XDDH

WRITE(1,#)T, X, XS, XH, XD, XDH,XDD,XDDH

WRITE(2,*)T,XHERR,SP11,-SP11,EPS,XDHERR,SP22,-SP22,EPSD,
XDDHERR,SP33,-SP33,EPSDD

CONTINUE

CLOSE(1)

CLOSE(Q2)

PAUSE

END

Fundamentals of Kalman Filtering:

A Practical Approach
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/ Second-Order Recursive Filter is Able to Track\

Second-Order Signal Plus Noise

) JER—— ——— ——— S R— o

400_'.§ .................................. .................................. .................................. e ........ Lo .'—

300_ ....................... Meaisurement ........ ................................... 5 W - _ ........ b _
» 200_ .................................. ................................. .................... B .

1117 S — o

Time (Sec)

Measurement

x* =2 - 2t +5t2+ noise
Ghoise = 50
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Estimate of Derivative is Excellent

200

100 d1.1.

¥ Dot
o

-100 1.1

-200 -1,

True Derivative

Esti

mate

Measurement

x* =2 - 2t +5t2+ noise

Onoise = 50

Time (Sec)
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"

Estimate of Second Derivative is Also Excellent

40 4.}

2011}

¥ Doub le Dot
o
|

204 ||

a0dd )]

"""""""""""" Estlmate—

True éecond Deriviative

Measurement
x* =2 - 2t +5t2+ noise

Onoise = 50

Time (Sec)
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/ Error in Estimate of First State Appears to be \

Within Theoretical Error Bounds

i, Theory Second-Order Recursive| |
ey et | e e Least Squares Filter

BTor in Estimakte of x

Theory

i Simulation
60 W ................... e — ——————— — S — L

Time (Sec)

Theory

Measurement
= 3(3k2-3k+2)02
x* =2 - 2t +5t2+ noise P, = M k(k+1)(k+2)Il
Onoise = 50
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/ Error in Estimate of Second State Appears to be\

Within Theoretical Error Bounds

200 —pog g e e :
3 | S Second-Order Recursive|
Slmul?tlon Least Squares Filter f

100 ,

BTor in Estimate of X Dot
o

-100

-200 1t

Time (Sec)

Theor
Measurement y

12(16k2-30k+11)c2
x* =2 - 2t +5t2+ noise VPoo, = \/ 5 .
k(k2-1)(k2-4)Ts
Onoise = 50
3-58
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/ Error in Estimate of Third State Appears to be \

Within Theoretical Error Bounds

BTor in Estimate of x Double Dot

Second-Order Recursive| |
Least Squares Filter

Simuilation

Theory

Measurement

x* =2 - 2t +5t2+ noise
Onoise = 50

Time (Sec)

Theory

A Practical Approach

2
@ — v 72007 ;
k(k2-1)(k2-4)T;
3-59
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Multiple Runs Indicate That on Average the Error h
the Estimate of First State Appears to be Within
Error Bounds 68% of the Time

Second-Order Filter
5 Runs

BT1or in Estimate of x
.
N
Iy
i

-100 _E ............................ .................................. ................................... oo _

Time (Sec)

Theory

Measurement
R 3(3k2-3k+2)02
x* =2 - 2t +5t2+ noise P, = \/ l(i(k+l)(k+)2(;rl
Onoise = 50
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Multiple Runs Indicate That on Average the Error in
the Estimate of Second State Appears to be Within
Error Bounds 68% of the Time

Second-Order Filter

BTor in Estimate of X Dot
o
Y

T | Y L - A H—
-200 A ......................................................................
HELELELEE AL LN LA LA AL L L LA DL LR B |
0 2 4 6 8 10
Time (Sec)
Theor
Measurement y

12(16k2-30k+11)c2
x* =2 - 2t +5t2+ noise VPoo, = \/ 5 .
k(k2-1)(k2-4)Ts
Onoise = 50
3-61
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Multiple Runs Indicate That on Average the Error in

‘Bror in Estimate of X Double Dot

L0 """"‘Ii"

T AW AT W

-
-

Second-Order Filter

- S LT

Measurement

x* =2 - 2t +5t2+ noise
Onoise = 50

Time (Sec)

the Estimate of Third State Appears to be Within
Error Bounds 68% of the Time

Theory

VP33, = v
k(k2
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/Second-Order Recursive Filter is Unable to Track\

the First State of a Third-Order Polynomial

4000 """"" Second;Order FiIter. """"""""""""""""" """"""""""""""""""""""""""""""" '_'-"'.

Third-Order Signal - True Si;gnal
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/Second-Order Recursive Filter is Unable to Track\

the Second State of a Third-Order Polynomial

1200
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Third-Order Signal

1000—3

200

o_'f.

Measurement

x*=1+2t+ 3 +468

Time (Sec)

Fundamentals of Kalman Filtering: /64

A Practical Approach



/Second-Order Recursive Filter is Unable to Track\

the Third State of a Third-Order Polynomial

BO0 g — — —
] Second-Order Filter [

] Third-Order Signal -
250 Jf e e Trqe X Double Dot ........................ =
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/Simulation Results and Truncation Error Formula\

for the First State are in Excellent Agreement

200 — S S — e — — -
1. |Second-Order Filter|:
Third-Order Signal |:
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/Simulation Results and Truncation Error Formula\

for the Second State are in Excellent Agreement

Second-Order Filter
Third-Order Signal

200 _ ...........
150

100
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50
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Measurement Theory

®_ 2 3 .
xElrar e & = La T2(6k2-15k+11)
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/Simulation Results and Truncation Error Formula\

for the Third State are in Excellent Agreement

200 .
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Recursive Least Squares Filter Comparison and

"

~

Summary
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Recursive Least Squares Filter Comparison in
Terms of Structure

Filter Gains
Resk:x]f—%(_l Klk:l
~ o~ k
1 State Xk = Xk-1 + KlkResk
2 State Resk = X]t - /)Zk-l - AXk_lTS — 2(21(—1)
SN ™ K (k+1)
Xk = Xk-1 + Xk-lTs + KlkResk Ko = 6
- 2T k(k+ DT,
Xk = Xk-1 + szResk
3 Stat NS o _ 3(3k2-3k+2)
ate Resk = X - Xk-1 - Xk-1Ts - .5Xk.1 T2 Klk—m
/)Zk = /)Zk-l +§k-lTs + .Sgk_ng+ KlkReSk — 18(21(‘1)
27 k(k+1)(k+2) T,
Xk = Xk-l + Xk_ng+ szReSk
S o B 16(1)<2T2
Xk:Xk_1+K3kReSk (k+1)(k+2)T5

Fundamentals of Kalman Filtering:
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Standard Deviation of Errors in Estimates and \
Truncation Error Formulas for Various Order

Recursive Least Squares Filters

Standard Deviation Truncation Error
N 5 _Gn . AlTs .
1 State “k_'J’_IT £ = —=3HKk-1)
2 State ZIZK-1) | 21 ,
YP1,. = G €= = T.49k-1nk-2)
W = Y T Ko, *
lldszzk:(_j—n ] I'k:dgT,(k]l
LY k2

3(3k2-3k+2)
Kik+1nk+2)

3 State Pis. = Oy £ = JTuSTftk-lnk-luk-ﬁl

— O 12(16k2-30k+11) o = Lo T26k215k
YPap, = T_n —— £k mxST,c k< 15k+11)
s Kik=-1)k=4)

‘“,—:(_Tn 120 .
=TT e i) € = JagT(k-1)
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ﬂrror in the Estimate of the First State Decreases\

with Decreasing Filter Order and Increasing
Number of Measurements Taken
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/ Error in the Estimate of the Second State \

"

Decreases with Decreasing Filter Order and
Increasing Number of Measurements Taken
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ﬂirror in the Estimate of the Third State Decreasex

with Decreasing Filter Order and Increasing
Number of Measurements Taken
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