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ﬁ\eoretical Equations For Continuous Kalman FiIQ

Model of real world

x=Fx+ Gu+w

Process noise matrix

Q= E[ww]

Measurements are linearly related to states

7z=Hx +v

Measurement noise matrix

R = E[vv"]
Continuous Kalman filter

X =FX +Gu +K z - HX)

Gains obtained from continuous Riccati equations
P = -PHTR'HP +PFT+FP +Q

K o /
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Comparing Continuous and Discrete Kalman Gains

"

~

and Covariances
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Zeroth-Order Filter
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Zeroth-Order Continuous Polynomial Kalman Filter

Model of real world

X = Ug > F =0
Process noise matrix is scalar
Q=E}) = ®,
Measurement equation
X" =X+ vy » H=1

Measurement noise matrix is scalar
R =E(}) = @,
Riccati equation simplifies to
P = PH'R'HP +PFT +FP +Q =- PO,'P + ®,
p=-P ;o

@,
Kalman gain obtained from

K =PH'R"! = P®;,

K=F
@,

Fundamentals of Kalman Filtering:
A Practical Approach
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ﬂ:omparing Zeroth-Order Polynomial Kalman FiIter\
Gain to Recursive Least Squares Filter Gain
Recall that zeroth-order recursive least squares filter gain is

Ki=Ll k=12....
k k b b n

While variance of error in estimate is

2
O
p, =91
K=k

We have just shown that variance of error on estimate for Kalman filter is

. 2
p=-"P + O
D,

The two filters should be equivalent if the Kalman filter has zero
process noise

The spectral density of continuous noise is related to the variance of
discrete noise according to

®, = 62T,

As the sampling time gets smaller continuous and discrete gains related
K= K4
T,
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Integrating One-State Covariance Nonlinear Riccati
Differential Equation With MATLAB-1

ORDER=1;

T=0.;

S=0.;

H=001; ¢ Made small to get accurate answers
TS=1;
TF=10.; H H

Piisey . € Set to zero for comparison with least squares
XJ=1.;

poilo0) 4 If made too large have numerical difficulties
Q=[PHIS];

HMAT=[1];

HT=HMAT";

SIGN2=1.72; H H H i H
ronsionasrs. | «——— Relationship between continuous and discrete noise

count=0;

while T<=TF
S=S+H; —]
S5 Second-
FPF*P; Matrix Riccati order Runge-

PFT=FP';

PHT=P*HT: differential equation Kutta

HP=HMAT*P;

PHTHP=PHT*HP; numerical
PHTHPR=(1./PHIN)*PHTHP;

PFTFP=PFT+FP; integration
PFTFPQ=PFTFP+Q;

PD=PFTFPQ-PHTHPR;
K=(1./PHIN)*PHT; _
HPD=H)*PD;

P=P+HPD;

Fundamentals of Kalman Filtering: 6-
A Practical Approach




ntegrating One-State Covariance Nonlinear Riccati
Differential Equation With MATLAB-2

T=T+H; _
FP=F*P;
PFT=FP
PHT=P*HT;
HP=HMAT*P; Matrix Ri i Second-
PHTHP=PHT*HP: atrix Riccati order Runge-

PHTHPR=(1./PHIN)*PHTHP; i i i

SR differential equation Kutta

PFTFPQ=PFTFP+Q; i

PD=PFTFPQ-PHTHPR; numerical

K=(1./PHIN)*PHT; _ . .

HPD—(HY*PD: Integration

PHPD=P+HPD;

PPHPD=POLD+PHPD;

P=(.5)*PPHPD;

if S>=(TS-.00001) —
S=0.;
XK1=1./XJ;
PDISC=SIGN2/XJ;
KTS=K(1,1)*TS;
count=count+1;
ArrayT(count)=T; .
AmmayKTS (count)=KTS; Save data in arrays for
Array XK1 (count)=XK1; . agn .
ArrayPDIS C(count)=PDISC; plottlng and ertlng to file
ArrayP(count)=P;
XJ=XJ+1.;

end
end
figure
plot(ArrayT, ArrayKTS, Array T, Array XK1),grid
xlabel("Time (Sec)')
ylabel('Continuous and Discrete Kalman Gain')
axis([0 10 0 .5])

Fundamentals of Kalman Filtering: 6-
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/ Continuous and Discrete Kalman Gains are \

Identical for Zeroth-Order System
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/Continuous and Discrete Covariances are Identical\

for Zeroth-Order System
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First-Order Filter
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ﬁ:irst-Order Continuous Polynomial Kalman Filter\

Model of real world

N
Process noise matrix

0-e/ 2 0w a0
Measurement equation

X* =X+ vy > x'=[] oﬂi + Vn

Measurement noise matrix is scalar

R =E(V}) = @,
Substitute matrices into Riccati equations

"

P = -PH'R'HP +PFT+FP +Q

K =PH'R"!

)
> 00

Ug

» H=[1 0]

Fundamentals of Kalman Filtering: /13
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/ Comparing First-Order Polynomial Kalman Filtem
Gain to Recursive Least Squares Filter Gain
Recall that first-order recursive least squares filter gains are

2(2k-1)
K, = k=12....
IS D

K, =—0
2T k(k+ DT,

While variance of error in the state estimates are

p _ 2(2k-1)G3
e k1)

2
Py, = 1203
k(k2-1)T2

The two filters should be equivalent if the Kalman filter has zero
process noise

The spectral density of continuous noise is related to the variance of
discrete noise according to

®, = 62T,

As the sampling time gets smaller continuous and discrete gains related
K, = Kd
T Fundamentals of Kalman Filtering: 6-14
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Differential Equation With True BASIC-1

OPTION NOLET

REM UNSAVE "DATFIL"

OPEN #1:NAME "DATFIL",ACCESS OUTPUT,CREATE NEW, ORGANIZATION TEXT
SET #1: MARGIN 1000

DIM F(2,2),P(2,2),Q(2,2),POLD(2,2),HP(1,2)

DIM PD(2,2)

DIM HMAT(1,2),HT(2,1),FP(2,2),PFT(2,2),PHT(2,1),K(2,1)

DIM PHTHP(2,2),PHTHPR(2,2),PFTFP(2,2),PFTFPQ(2,2),HPD(2,2),PHPD(2,2),PPHPD(2,2)
ORDER=2

T=0.

S=0.

fisoon < Made small to get accurate answers
TF=10.

PHIS=0. < Set to zero for comparison with least squares
MAT F=ZER(ORDER,ORDER)

MAT P=ZER(ORDER,ORDER)

MAT Q=ZER(ORDER,ORDER)

MAT HMAT=ZER (1,O0RDER)

MAT HT=ZER(ORDER,1)

F(1,2)=1.

Q(2,2)=PHIS
HMAT(1,1)=1.
HT(1,1)=1.
SIGN2=1.%
PHIN=SIGN2*TS . I .
P(L1=100. If made too large have numerical difficulties
D(O’V\)’;I[LE T<=TF
S=S+H
MAT POLD=P . Second-
MAT FP=F*P
MAT PFT=TRN(FP) order Ru nge-
MAT HP o IMAT#P Matrix Riccati Kutta

mAr e eeenre | differential equation | pnumerical
MAT PFTFP=PFT+FP . .
MAT PFTFPQ=PFTFP+Q | nteg ration

MAT PD=PFTFPQ-PHTHPR Funda+n:entals of Kalman Filtering: 6-

MAT K=(1./PHIN)*PHT Practical Approach



ntegrating Two-State Covariance Nonlinear Riccati
Differential Equation With True BASIC-2

LOOP
CLOSE #1
END

MAT HPD=(H)*PD
MAT P=P+HPD

T=T+H _
MAT FP=F*P

MAT PFT=TRN(FP)

MAT PHT=P*HT

MAT HP=HMAT*P

MAT PHTHP=PHT*HP

MAT PHTHPR=(1./PHIN)*PHTHP
MAT PFTFP=PFT+FP

MAT PFTFPQ=PFTFP+Q

MAT PD=PFTFPQ-PHTHPR

MAT K=(1./PHIN)*PHT |
MAT HPD=(H)*PD

MAT PHPD=P+HPD

MAT PPHPD=POLD+PHPD

Matrix Riccati
differential equation

MAT P=(.5)*PPHPD |
IF S>(TS-.0001) THEN
S=0.
XK1=22.#2.*#XJ-1.)/(XT*(XT+1))
XK2=6./(XT*XI+1)*TS)
P11DISC=2.#(2.*XJ-1)*SIGN2/(XJ*(XJ+1.))
IF XJ=1 THEN
P22DISC=0.
ELSE
P22DIS C=12*SIGN2/(XJ*(XJ*XJ-1)*TS*TS)
END IF

PRINT T,K(1,1)*TS,XK1,K(2,1)*TS,XK2
PRINT #1:T,K(1,1)*TS,XK1,K(2,1)*TS,XK2,P(1,1),P11DISC,P(2,2),P22DISC
XJ=XJ+1.

END IF

Second-
order Runge-
Kutta
numerical
integration

Write data to
screen and file

Fundamentals of Kalman Filtering:

A Practical Approach
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/ Integrating Two-State Nonlinear Matrix Riccati \

Differential Equation Yields Good Match With
Formula for First Gain

First Kaiman Gain

_2(2k-1)

Kjo =214 K, = k=1,2,...
k 7T = k1) o /
Fundamentals of Kalman Filtering: 6-17
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/ Integrating Two-State Nonlinear Matrix Riccati \

Differential Equation Yields Good Match With
Formula for Second Gain

Second Kalman Gain

Time (Sec)

_ Ko K= 6
k et T k(DT
Fundamentals of Kalman Filtering: 6-18
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Integrating Two-State Nonlinear Matrix Riccati
Differential Equation Yields Good Match for First
Diagonal Element of Covariance Matrix

1.2

I:.11

08— :'
06—
04_

0.2

d =0
S

T =1 S,O'_-I i
s =

0'0_-§||||

Time (Sec)

1\e2
Piic = P11 Py, = 2(1(2(1;_'1_)1()5“

Fundamentals of Kalman Filtering:
A Practical Approach
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Integrating Two-State Nonlinear Matrix Riccati

Differential Equation Yields Good Match for Second

Diagonal Element of Covariance Matrix

10 —pooge T — e — e — S -
3 T=1S,06 4|
. o =0
- J 5 S s -
Y1 R R SO S S— N
d

0_'5'----|----i----|---ﬁi—H—H—|ﬂ—H—l—i—m—r|ﬂ—m—;—rm—|ﬂ—l—H—i'
0 2 4 6 8 10
Time (Sec)

1262
P2oc = Pyog Poo, = 1
k(kz—l)Tg
Fundamentals of Kalman Filtering:

A Practical Approach

/20



Second-Order Filter

Fundamentals of Kalman Filtering: /21

A Practical Approach



/ Second-Order Continuous Polynomial Kalman \
Filter

Model of real world

< 0 1 0
X=u > X |=]1 0 0 1
X 0O 0 O

Process noise matrix

000
Q=D 0 00

001

Measurement equation
x"=x+ v, » H=[1 0 0]

Measurement noise matrix is scalar
R =E(W3) = @,

Substitute matrices into Riccati equations
P =-PH'R-'HP +PFT+FP +Q

K =PH'R"!

K Fundamentals of Kalman Filtering: /22

A Practical Approach




Comparing Second-Order Polynomial Kalman Filter
Gain to Recursive Least Squares Filter Gain
Recall that second-order recursive least squares filter gains are

_ 3(3k2-3k+2)
1k -
k(k+1)(k+2) K. = 60

18Kk " k(k+1XKk+2)T2
207 K (k+ 1 Xk+2) T,

k=12....n

While variance of error in the state estimates are

_ 3(3k?-3k+2)03

He™ ek 1) (k+2) Pyy = 72002
=

2 2 4
b _ 12(16k%-30k+11)03 k(k2-1)(k2-4)T?
22 =
kKD

The two filters should be equivalent if the Kalman filter has zero
process noise

The spectral density of continuous noise is related to the variance of
discrete noise according to

®, = 62T,

As the sampling time gets smaller continuous and discrete gains related
K, = Kd
T Fundamentals of Kalman Filtering: 6-23
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11

Integrating Three-State Covariance Nonlinear
Riccati Differential Equation With FORTRAN-1

IMPLICIT REAL*8(A-H)
IMPLICIT REAL*8(0-Z)

REAL*8 F(3,3),P(3,3),Q(3,3),POLD(3,3),HP(1,3)

REAL*8 PD(3,3)

REAL*8 HMAT(1,3),HT(3,1),FP(3,3),PFT(3,3),PHT(3,1),K(3,1)
REAL*8 PHTHP(3,3),PHTHPR(3,3),PFTFP(3,3),PFTFPQ(3,3)

INTEGER ORDER

OPEN(1,STATUS="UNKNOWN',FILE=DATFIL")

ORDER=3
T=0.
S=0.

H=001 <
TS=1
TF=10.
PHIS=0. <«

XJ=1.
DO 14 I=1,0RDER
DO 14 J=1,0RDER
F(1,J)=0.

P(1,J)=0.

Q@.N)=0.
CONTINUE

DO 11 I=1,0RDER
HMAT(1,1)=0.
HT(, 1)=0.
CONTINUE
F(1,2)=1.

F(2,3)=1.
Q(3,3)=PHIS
HMAT(1,1)=1.
HT(,1)=1.
SIGN2=1.%%2
PHIN=SIGN2*TS
P(1,1)=100.
P(2,2)=100. <

Made small to get accurate answers

Set to zero for comparison with least squares

If made too large have numerical difficulties

P(3,3)=100.

Fundamentals of Kalman Filtering:

A Practical Approach

6 -
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20

12

13

50

15

Integrating Three-State Covariance Nonlinear
Riccati Differential Equation With FORTRAN-2

WHILE(T<=TF)

DO 20 I=1,0RDER
DO 20 J=1,0RDER

POLD(J)=P(L])
CONTINUE _
CALL MATMUL(F,ORDER,ORDER,P,ORDER,ORDER,FP)
CALL MATTRN(FP,ORDER,ORDER,PFT)
CALL MATMUL(P,0ORDER,ORDER,HT,ORDER, 1,PHT)
CALL MATMUL(HMAT, |,ORDER,P,ORDER,ORDER,HP)
CALL MATMUL(PHT,ORDER, ,HP, |, ORDER,PHTHP)
DO 12 I=1,0RDER
DO 12 J=1,0RDER

PHTHPR(L,J)=PHTHP(1,J)/PHIN
CONTINUE
CALL MATADD(PFT,ORDER,ORDER, FP,PFTFP)
CALL MATADD(PFTFP,ORDER,ORDER,Q,PFTFPQ)
CALL MATSUB(PFTFPQ,0RDER,ORDER,PHTHPR,PD)
DO 13 I=1,0RDER

K(,1)=PHT(, 1)/PHIN

CONTINUE |
DO 50 I=1,0RDER
DO 50 J=1,0RDER
P(,J)=P(L,])+H*PD(J)
CONTINUE
T=T+H _
CALL MATMUL(F,ORDER,ORDER,P,ORDER,ORDER,FP)
CALL MATTRN(FP,ORDER,ORDER,PFT)
CALL MATMUL(P,0ORDER,ORDER,HT,ORDER, 1,PHT)
CALL MATMUL(HMAT, |,ORDER,P,ORDER,ORDER,HP)
CALL MATMUL(PHT,ORDER, ,HP, |, ORDER,PHTHP)
DO 15 I=1,0RDER
DO 15 J=1,0RDER
PHTHPR(I,J)=PHTHP(1,J)/PHIN
CONTINUE
CALL MATADD(PFT,ORDER,ORDER, FP,PFTFP)
CALL MATADD(PFTFP,ORDER,ORDER,Q,PFTFPQ)
CALL MATSUB(PFTFPQ,0RDER,ORDER,PHTHPR,PD)
DO 16 I=1,0RDER
K(,1)=PHT(, 1)/PHIN

CONTINUE

Matrix Riccati
differential equation

Matrix Riccati
differential equation

Fundamentals of Kalman Filtering: /

A Practical Approach

-25



60

[y

[y

ntegrating

ree-

date covariance Noninear

Riccati Differential Equation With FORTRAN-3

DO 60 I=1,0RDER Second-
DO 60 J=1,0RDER <+— -
P(J)=5*POLD(J)+P(LJ)+H*PD(J)) order Runge
CONTINUE Kutta
S=S+H .
IF(S>=(TS-.00001))THEN numerical
S=0. . .
XK 1=3.#(3*XT*XJ-3.¥XT+2. )/ (XT*(XI+1)*(XJ+2)) | nteg ration
XK2=18.#(2.%XJ-1. )/ (XT*(XJ+1*(XJ+2)*TS)
XK3=60./(XJ*(XJ+1)*(XJ+2)*TS *TS)
P 11DISC=3*(3*XJ*XJ-3*XJ+2)*SIGN2/(XJ*(XJ+1)*
(XJ+2))
IF(XJ.EQ.1.0R.XJ.EQ.2)THEN
P22DISC=0.
P33DISC=0.
ELSE
P22DISC=12%(16%XJ*XJ-30¥XJ+11)*SIGN2/
(XT#(XT*XT-1*(XT*XJ-2)¥*TS *TS)
P33DISC=720*SIGN2/(XJ*(XJ*XJ-1y*(XJ*XJ
D)FTS*%4)
ENDIF _
WRITE(9,*)T,K(1,1)*TS,XK1,K(2,1)*TS,XK2,
K(3,1)*TS,XK3,P(1,1),P11DISC,P(2,2), .
P22DISC,P(3,3),P33DISC Write data to
WRITE(1,*)T,K(1,1)*TS,XK1,K(2,1)*TS,XK2, .
KG.1°TS.XK3.P(L 1. p1IDISC.p2.2)| SCreen and file
P22DISC,P(3,3),P33DISC
XJ=XJ+1.
ENDIF
END DO
PAUSE
CLOSE(1)
END

Fundamentals of Kalman Filtering:

A Practical Approach

6 -
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/ Integrating Three-State Nonlinear Matrix Riccati\

Differential Equation Yields Good Match With
Formula for First Gain

1.2 e S — FE— I — o
T=1S,06 4|
' ' s =1
d =0
= : i
o
e i
E I,
i ;

Time (Sec)

_ 3(3k2-3k+2)
7 k(k+1)(k+2)

k=1,2,....n

K
K —ld K1
e =1,

Fundamentals of Kalman Filtering:
A Practical Approach
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/ Integrating Three-State Nonlinear Matrix Riccati\

Differential Equation Yields Good Match With
Formula for Second Gain

10_ ...... e — ................................... ................................... e r

Second Kalman Gain

Time (Sec)

K 18(2k-1)
K5. = n2d K, =
K 2¢ T, 24 k(k+1)k+2)T /
Fundamentals of Kalman Filtering: 6-28
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/ Integrating Three-State Nonlinear Matrix Riccati\

Differential Equation Yields Good Match With
Formula for Third Gain

Third Kaiman Gain

Time (Sec)

_Kag 60

K Kj3, =
K 3¢ T, d k(k+1)k+2)TZ /
Fundamentals of Kalman Filtering: 6-29

A Practical Approach




Integrating Three-State Nonlinear Matrix Riccati
Differential Equation Yields Good Match for First
Diagonal Element of Covariance Matrix

2 e _
i '. T=1 S, () =1

H S n— L

1.0 °0

0.8 - T S T A _
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Time (Sec)

_ 3(3k2-3k+2)02

Piic = P14

lld_

k(k+1)(k+2)
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Integrating Three-State Nonlinear Matrix Riccati
Differential Equation Yields Good Match for Second
Diagonal Element of Covariance Matrix

T=1S,0 1 +
S n— ‘L
D =0

s

Time (Sec)

2 2
P22€ = P22d P22d — 12(161( 30k+1 lzcn
k(k2-1)(k2-4)T;
Fundamentals of Kalman Filtering: 6-31
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Integrating Three-State Nonlinear Matrix Riccati
Differential Equation Yields Good Match for Third
Diagonal Element of Covariance Matrix

5_ .......................... 1 .................................... S S [ —

Time (Sec)

Pss = 72003
= d
Fase = P k(k2-1)(k2-4)T¢
Fundamentals of Kalman Filtering: 6-32
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Steady-State Approximations

Fundamentals of Kalman Filtering: /33

A Practical Approach



Zeroth-Order Filter

Fundamentals of Kalman Filtering: /34

A Practical Approach



/ Gain Formula For Zeroth-Order Filter \

In steady-state Riccati equation for zeroth-order filter is

p=P 1o, =0
@

We can solve equation algebraically

P= (@) "
Kalman gain turns out to be

172
_ (D,Dy)

_P
@, @,

K

Or

1/2
D,

Thus the continuous steady-state Kalman gain only depends on the
ratio of the process and measurement noise spectral densities

K Fundamentals of Kalman Filtering: /35
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ﬂteady-State Formula Accurately Predicts Kalmam

Gain for Zeroth-Order Continuous Polynomial
Kalman Filter

| S S S S o ® =10 L
{1 Integration ; ®=01|f

6 _: ...... Steady'state ............................ ................................... ................................... .................................... :_
Formulal_

1/2
@,
Fundamentals of Kalman Filtering: 6-36
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ﬂteady-State Formula Accurately Predicts Kalmam

Covariance for Zeroth-Order Continuous
Polynomial Kalman Filter

P T T T Jozn].E
{1 Integration - le=01l F

081 N\ I I T I q
]: Steady-Stat
0.6 _ Formula |

Covarince

0ad R R — R [

02 — S— — S— L

00_----- """" -------- """ -------- """ -------- """ -------- """" -----_

Time (Sec)

1/2
k P = (®;®y) /
Fundamentals of Kalman Filtering: 6-37
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/ Deriving Transfer Function For Zeroth-Order \
Polynomial Kalman Filter

Recall continuous Kalman filter formula
X =Fx +K @z - HX) F =0
Substitution yields
X = K(x* - %)
Convert to Laplace transform notation
sx = K(x*-X)

After some manipulations we get

X __K
x* s+ K

Defining a natural frequency

1/2

_| @ 1/2
K_(CD ) > %:(q)s)
n D,

We can rewrite filter transfer function as

K Xl 4 Low-pass filter
X 1+@

Fundamentals of Kalman Filtering: /38
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Zeroth-Order Continuous Polynomial Kalman

Filter’s Natural Frequency Increases as the Ratio of
Process to Measurement Noise Increases

: Zeroth-Order

25_: ................................................................................................................................................................................... n
20_: ............................................................................................................................................................................... -
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First-Order Filter

Fundamentals of Kalman Filtering: /40
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Gain Formula For First-Order Filter-1

Recall regular Riccati equation

P =PH'R'HP +PF'+FP +Q Matrix symmetric
From steady-state Riccati equation

[Pn PIZ}:_[ Py P12M1}®;11[1 O][Pll Plz}_l_{ P11vP12M0 O}Jr

Pi» Py Pio Py JLO Py Py P, Pprll10
{01”&1 Plzb 00 _,
0 0JL P2 Pa2 0 @,

Using symmetry we get three scalar equations with three unknowns

2
0=2P,- 11
n
O:PZZ_PIIPIZ
D,
2
0= h+(I)S
D,

Fundamentals of Kalman Filtering:
A Practical Approach
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/ Gain Formula For First-Order Filter-2

Solving the algebraic equations yields

Py =120 0"

Py, = n@i/“q);/“

1/2 . 1/2
P12 = (I)s (Dn

Since

K =PH'R"!

The gains become

1/4
K, = Py = Q(g)
D, (O

~

K Fundamentals of Kalman Filtering: /42
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/ Steady-State Gain Formula is Accurate for First
Gain in Continuous First-Order Polynomial Kalman
Filter

First Gain

2_ ......... Steady-St:ate ......................... S S .................................... N
1 Formula r

Time (Sec)

1/4
K, = @(ﬂb)
@,
Fundamentals of Kalman Filtering: 6-43
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ﬂteady-State Gain Formula is Accurate for Second
Gain in Continuous First-Order Polynomial Kalman

Filter

L — — R —- - S ——— _
- |e=t0|f

sodi R o T "

Second Gain

Time (Sec)

1/2
K, = (q>)
@,
Fundamentals of Kalman Filtering: 6-44
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/Steady-State Formula for First Diagonal Element of
Covariance Matrix is Accurate for Continuous First-
Order Polynomial Kalman Filter
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1.0 3. Integration . — I—— S— r
0_8_'.§ ....... . ................................... .................................. ................................... ................................... _

I:.11

0.6 A— S—— S— A— L

e — —

0.2 -------- Steady-StEate ......................... .................................. ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, C
1 Formula

00_----- """" -------- """ -------- """ -------- """ -------- """" -----_

Time (Sec)

1/4 - 3/4
Fundamentals of Kalman Filtering: 6-45

A Practical Approach




Geady-State Formula for Second Diagonal Elemem

of Covariance Matrix is Accurate for Continuous
First-Order Polynomial Kalman Filter
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/ Deriving Transfer Function For First-Order \
Polynomial Kalman Filter

Recall continuous Kalman filter formula

X =F% +K(z - HX) F:{O 1

Substitution yields

A~

X=X+ K;(x* - X)

% = Ky(x* - %)

Convert to Laplace transform notation
sX = X + K (x*-X)
§X = Ko (x* - X)

After some manipulations we get

i: K2 +K18
x* s2+4+K;, +K;s

Defining a natural frequency

1/4
@,

H=[1 0]
00

1/4
K, =P - Q(é) 2o
(O (O

1/4
D
> =
1/2 o ( S)

Ky=|Ds Pn
o) L. ]
We can rewrite filter transfer function as
1 +@
X _ Wy
X>l< 1 +@ +£
Oh (|\2

172
Ko< P2 (cb) -}
o, \®,
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ﬂilter Natural Frequency Increases as the Ratio of
the Process to Measurement Noise Spectral
Densities Increases

1/4
_ (cbs) /
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D,
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Second-Order Filter
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Gain Formula For Second-Order Filter-1
Recall regular Riccati equation

P =-PHTR'HP +PFT +FP +Q Matrix symmetric

From steady-state Riccati equation

) ) . v
}.)11 }.)12 }.)13 P“ P12 P13 1 1 Pll P12 P13
Pi» Pyy Po3 | =-| Pio Poo Poj 0 ®Pnl100! P Py Py |+
P13 P23 P33 P35 Py3 Ps3 0 P13 Pz P33
Pi1 Pia Pij 000 010 Pi1 P2 Pi3 000
P Py Po3 | 100+ 00 1] P2 Py P3|+ 000 =0

Using symmetry we get six scalar equations with six unknowns

P}, = 2P, @, Py 1Py = @, (Pyy +Py3)
P2, = 2P,3®, P 1P13 = Py3®,

P»P{3 =P33®
P%3=(Dsq)n 1213 33%n

Fundamentals of Kalman Filtering:
A Practical Approach
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Gain Formula For Second-Order Filter-2

Solving the algebraic equations yields

P = 2(1);/6(1)151/6 Py, = 3(13;/2(1)111/2
2/3 .1/3
P, =20 02> Py3 = 2@, "®,
5/6 . 1/6
P ;= 20! P33 =20, @,
Since
K =PH'R"!

The gains become

o, D,
1/2
o, \D,
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/ Steady-State Gain Formula is Accurate for First\

Gain in Continuous Second-Order Polynomial
Kalman Filter
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ﬂteady-State Gain Formula is Accurate for Seconh

Gain in Continuous Second-Order Polynomial
Kalman Filter

Second Gain

Time (Sec)

n
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/ Steady-State Gain Formula is Accurate for Third\

Gain in Continuous Second-Order Polynomial

Third Gain

Kalman Filter

Iniegration
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Deriving Transfer Function For Second-Order
Polynomial Kalman Filter

Recall continuous Kalman filter formula

X =FX +K (z - HX) F=

Substitution yields

§:X+K1(X*—5(\) "
PN R X = K3(x* -X)
x =X+ Ky(x* - X)

Convert to Laplace transform notation

§X = X + K| (x*X) $% = K3(x* %)
SX = X + K> (x* - X)

After some manipulations we get
X _ K3+ Ky +52K
x* K3+ Ky +s2K; +s3

Defining a natural frequency
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A Practical Approach
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/ Second-Order Kalman Filter Natural Frequency\

Increases With Increasing Ratio of Process to
Measurement Noise Spectral Density

3.0 . .|Second-Order| ... s i — L
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Filter Comparison
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/ Transfer Functions and Magnitudes for Different\

Order Polynomial Kalman Filters

Name Laplace Transform

Magnitude
Zeroth-Order X_ 1 s % = 1
x5 1+ x* 1 +( o )2
®o A
1 +@
First-Order X _ o . 1+ ﬁo))Z
XT V28 482 14 = Q)
@ o X (1 _ o) +(m))2
oF 0

Second-Order
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FORTRAN Program to Calculate Magnitudes of
Kalman Filter Transfer Functions

IMPLICIT REAL*$ (A-H)
IMPLICIT REAL*$ (O-Z)
OPEN(1,STATUS="UNKNOWN',FILE='DATFIL')
WO0=10.

DO 10 W=1.,100.
XMAG1=1./SQRT(1.+(W/W0)#*2)
TOP1=1.42.%(W/W0)**2
BOT1=(1.-(W*W/(WO*WO0)))*%242.#(W/W0)**2 First-order filter
XMAG2=SQRT(TOP1/(BOT1+.00001)) _
TOP2=(1.-2.¥*W*W/(WO*W0))*#2+(2. ¥ W/W0)**2
TEMP1=(1.-2.*W*W/(W0*W0))**2
TEMP2=(2.*W/WO-(W/W0)**3)#%2
XMAG3=SQRT(TOP2/(TEMP1+TEMP2+.00001)) |
WRITE(9,%)W,XMAG1,XMAG2,XMAG3
WRITE(1,¥)W,XMAG1,XMAG2,XMAG?3
CONTINUE

CLOSE(1)

PAUSE

END

Zeroth-order filter

Second-order filter

Fundamentals of Kalman Filtering:

A Practical Approach
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ﬂligher-Order Filters Have Less Attenuation Aftem

Filter Natural Frequency

 Second:Order

Frequency (Rad/Sec)
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Increasing Filter Natural Frequency Increases Filter

Magnitude

Bandwidth

Second-Order Filter

Frequency (Rad/Sec)

1+278+&
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/ Continuous Polynomial Kalman Filter \

Summary

Continuous Kalman filtering equations useful for understanding the
properties of the discrete filter

Relationship between continuous and discrete Kalman gains and
covariances established

Formulas for steady-state Kalman gains and covariances derived

Transfer functions for zeroth, first and second-order polynomial
Kalman filters derived

Bandwidth of polynomial Kalman filter shown to be proportional to
ratio of process to measurement noise spectral densities
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