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Cannon Launched Projectile Tracking Problem
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/ Cannon Launched Projectile Tracking Problem\

Overview

Problem viewed in Cartesian coordinates
Extended Cartesian Kalman filter
Problem viewed in polar coordinates

Extended polar Kalman filter

polynomial Kalman filters

-

Using linear decoupled polynomial Kalman filters
Using linear coupled polynomial Kalman filters

Robustness comparison of extended and linear coupled
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Problem Viewed in Cartesian Coordinates
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Radar Tracking Cannon Launched Projectile

y
(XT, Yr )
g
r
0
[ | B X
Cannon

Radar (x_,
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Relevant Equations

Acceleration of projectile

XT=0

yr=-¢g

Range and angle from radar to projectile

0 =tan” 1{7}% - yR}
XT - XR

r=+/(xr- xp)? + (yr - YR)?
Actual location of projectile in terms of radar parameters

XT =1c0s0 + XR

yr =18in0 + yR

Fundamentals of Kalman Filtering: 9-
A Practical Approach




/ Using Raw Radar Measurements to Estimate \

Projectile Position and Velocity

Recall

XT =1c0s0 + XR

yT=18in + yg

Estimated location of projectile in terms of raw radar measurements

X7 = *cos0 + XR
yr= *sing + YR
Estimated velocity of projectile in terms of raw radar measurements

> _ XT - XTy,
XTk = 7,1‘
S

/S;Tk — §Tk ’i‘/};Tk-l

K Fundamentals of Kalman Filtering: j6
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/Using Raw Measurements to Estimate Trajectory\

Appears to be Satisfactory
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/ Using Raw Measurements Yields Terrible \

Downrange Velocity Estimates
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/ Using Raw Measurements Also Yields Very Poor\

Altitude Velocity Estimates

3000 F/S, 45 Deg Launchj
c=100 Ft, 5,=.01 R l
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/ Error in Estimate of Downrange is Often Greater\

Than 1000 Ft

30d0 F/S, 45 Deg Laﬁnch
0r=1 00 Ft, 0,=.01 R

BTor in Estimake of Downrange (FL)
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/Error in Estimate of Altitude is Often Greater Than\

BTor in Estimake of Altkude (R)
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Extended Cartesian Kalman Filter
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G)ice of states

XT
XT
yr
YT

X =

Model of real world

XT 01001 Xr 0 0
X7 :‘OOOO] X7 +‘O]{usﬂ
YT 0010/ Yyr 0 0
yT 00O0OJLyr -g Uy

Systems dynamics matrix

Continuous process noise matrix

0000 |
0d, 0 0

QW =
000O0

Setting up extended Kalman filter \

Fundamentals of Kalman Filtering: /13
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Recall

D) =1 +Ft+1**22—'t2 D (Sl S

Since

We get

Ot)=I+Ft=

Deriving Fundamental Matrix

3!

> D)=

SO OO
SO =
SO = OO
_ = O O

Fundamentals of Kalman Filtering: 9-

A Practical Approach



Developing Measurement Matrix-1

Measurement equation is nonlinear

0 =tan 1{7}@ - yR}
XT - XR

Linearized measurement equation

00 00 00 00

* . . AxT

A8 OXr 9%p OYT Iyr || Agp
AYT

Ayt

Ar* or dr Jr Or

| dxT dxt dyr dyr |

First row can be evaluated as

0 _ 1 (x7-xp)*0 - (yr-yr)*1

Vo

_ ~(yr-yr)

Kt (yr-yr)? (x7- XR)?

(xT - XR)?

o _
0Xr

0

90 _ 1 (x1-XR)*1 - (7~ yR)*0 _ (XT-XR)

Wt (yr-yr)? (x7 - XR)?

(xT - XR)?

9 _y

dyT

2

Fundamentals of Kalman Filtering: 9-15
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Developing Measurement Matrix-2

Since

r=+/(xr- xp)? + (yr- yr)?
Second row can be evaluated as

RO IS v 2T P g - xoy = KT - XR)
oxr 2 [(xT-xR)” +(yT-YR)T] 2(xT-XR) ="~
=g
aXT
b 2 172 i}
7r=l[(XT—XR) +(yT—yR)2] 2(yT- YR) :M
yr 2 r
oo
Iyt
Measurement matrix
90 90 90 90 |
Xt 9xt O oy
H- T OXt OYT OyT » H=
or or oJr Or
| Oxp 0kt dyT dyr |
-(Y1.-YR) 0 XT, - XR
Ho=| I R
XTy - XR 0 YT, - YR
T T

-(yT- YR)

XT - XR

0 TR 0

0 YT-YR 0

Fundamentals of Kalman Filtering:
A Practical Approach

9.




Other Important Matrices

Measurement noise matrix

Ry = E(vgvy) >
Discrete process noise matrix
Ts
Qu = f ODQO' (r)dt
0
Ts - _
0000
1 T00O0 1 00
Qu = 0100 0200 779
001T|lpoooo0| 001
0001 00T~
. L0 0 0D
Ts — _
7D, 1, 0 0
P, O, 0 0
Qx = dt
0 0 TP, 1P
L 0 0 Ty & |

2
Gy 0
sz‘ 2]
0 of

- o O O

> Qi =

o B 0
2
TST‘DS T®, 0 0
T, T2d
O O S S S S
3 2
2
0 0 T52<I>s T, ®,

Fundamentals of Kalman Filtering:
A Practical Approach
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Discrete G Matrix

Filter equation

x=Fx+ Gu + w » §k =(I)k§k-1 +Gkuk_1 +Kk(Zk —H(I)k§k_1 —HGkuk_l)

If u constant between sampling instants discrete G matrix from

Gk = f d(1)Gd1

Recall
XT 01007 xr 0 0 0
Xr| _| 0000 XT_I_O Ug _ _| 0
yr| 0010 yr |0 |/ 0 > G=Gu=
yT 0 00O0IJLyr -g Ug "
Therefore
0
Ts
1 tT00/] O 0
Gy = 01000 4=
00110
gTe
, t000 11 -g -5
-gTs .
- ) Fundamentals of Kalman Filtering: 9-18

A Practical Approach



Calculating Projected States
Recall
Xk = @xk.1 + Gyug | + Kg(zg - HOxXx 1 - HGgug )
Since fundamental matrix exact projected state is
Xk = OpXko1 + Grug|

Substitution yields

0
1T, 00 0

x = 0100
00 1T, -
0001 gls
2
_gTS

Multiplying out terms yields

iTk = XT, + TSXTk,l

-~

XTk = XTk—l

Y. = ?Tk,l + TSYTk,l _Sng

ka = ka—l - gT o
Fundamentals of Kalman Filtering:
A Practical Approach

9 -




Extended Kalman Filtering Equations

Recall

Xk = @xk 1 + Gyug | + Kg(zg - HOxXx 1 - HGgug 1)

f

Calculate projected measurements

YT, - ¥R

XTk.l - XR

0y = tan!

fk =V (X1, - XR)% + (1., - YR)?
Filtering equations

X1, = X1+ K11,(8) - 01) + K i2,(1 - 1)

Xt = X, + Ka1,(0 - 01) + Koo, (1 - k)

91, = yr+ Ka1,(0y - gk) + Ko, (1 - 1)

V1, = y1, + Ka1,(0 - 05) + Koo, (1} - 110)

Note that linearized measurement is not use here but is only used

in the Riccati equation

Where

Nonlinear

iTk = XT, + TSXTk,l

~

XTk = XTk—l

Y. = ?Tk,l + TSYTk,l _Sng

TTk = YTk,l - gTS

Fundamentals of Kalman Filtering:

A Practical Approach

9 -
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MATLAB Cartesian Extended Kalman Filter-1

TS=1.;

ORDER=4;

PHIS=0.;

SIGTH=.01;

SIGR=100.;

VT=3000.;

GAMDEG=45.;

G=32.2;

XT=0.; " mgm
YT=0.- Actual initial states
XTD=VT*cos(GAMDEG/57.3);
YTD=VT*sin(GAMDEG/57.3);

XR=100000.;

YR=0.;

T=0.;

S=0.;

H=.001;

PHI=[1 TS 00:0 1000 0 1 TS:0 00 1]; - aas ]
P=[1(£00.’\2000;0 100./2 0 0:0 0 1000.]A2 0:0 0 0 100.72]: :| Fundamental and initial covariance

IDNP=eye(ORDER); H
Q=zeros(ORDER,ORDER); m at rices
TS2=TS*TS;
TS3=TS2*TS;
Q(1,1)=PHIS*TS3/3.;
Q(1,2)=PHIS*TS2/2.;
G 21PHis Ts: Discrete process noise matrix
Q@3,3)=Q(1,1);
Q@3,4)=Q(1,2);
Q4,3)=Q3,4);
g -
RMATSIGTH® 0:0 SIGR?];. «— NMeasurement noise matrix
XTH=XT+1000.;

XTDH=XTD-100.; g . .

YTH=YT-1000.: Initial state estimates

YTDH=YTD+100.;

count=0;

Fundamentals of Kalman Filtering:
A Practical Approach

9.
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MATLAB Cartesian Extended Kalman Filter-2

while YT>=0.

XTOLD=XT;
XTDOLD=XTD;
YTOLD=YT,;
YTDOLD=YTD;
XTDD=0.;
YTDD=-G;
XT=XT+H*XTD;

XTD=XTD+H*XTDD;

YT=YT+H*YTD;

YTD=YTD+H*YTDD;

T=T+H;
XTDD=0.;
YTDD=-G;

XT=.5*(XTOLD+XT+H*XTD);
XTD=.5*(XTDOLD+XTD+H* XTDD);
YT=.5*(YTOLD+YT+H*YTD);
YTD=.5*(YTDOLD+YTD+H*YTDD);  _|

S=S+H;
if S>=(TS-.00001)

XTB=XTH+TS*XTDH;
XTDB=XTDH;
YTB=YTH+TS*YTDH-.5*G*TS*TS;
YTDB=YTDH-G*TS;

RTB=sqrt((XTB-XR)"2+(YTB-YR)\2);

HMAT(1, 1)=-(YTB-YR)/RTBA2;
HMAT(1,2)=0.;
HMAT(1,3)=(XTB-XR)/RTBA2;
HMAT(1,4)=0.;

HMAT(2, 1)=(XTB-XR)/RTB;
HMAT(2,2)=0.;
HMAT(2,3)=(YTB-YR)/RTB;
HMAT(2,4)=0.;

HT=HMAT —
PHIP=PHI*P;
PHIPPHIT=PHIP*PHIT;
M=PHIPPHIT+Q;
HM=HMAT*M;

Second-order Runge-Kutta integration
of projectile differential equations

Linearized measurement matrix

HMHT=HM*HT; Riccati equations

HMHTR=HMHT+RMAT;
HMHTRINV=inv(HMHTR);
MHT=M*HT;
K=MHT*HMHTRINV;
KH=K*HMAT;
IKH=TDNP-KH:

Fundamentals of Kalman Filtering:

P=IKH*M;

A Practical Approach

9 -
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nd

MATLAB Cartesian Extended Kalman Filter-3

end

THETNOISE=SIGTH*randn;
RTNOISE=SIGR *randn;
THET=atan2((YT-YR),(XT-XR));
RT=sqrt((XT-XR)M2+(YT-YR)A2);
THETMEAS=THET+THETNOISE;
RTMEAS=RT+RTNOISE;
THETB=atan2((YTB-YR),(XTB-XR));

RTB=sqrt((XTB- XR)’\2+(YTB YR)A2):

RES1=THETMEAS-THETB
RES2=RTMEAS-RTB;

Noisy radar measurements

Extended Kalman filter

XTH=XTB+K(1,1)*RES1+K(1,2)*RES2;
XTDH=XTDB+K(2,1)*RES1+K(2,2)*RES2;
YTH=YTB+K(3,1)*RES1+K(3,2)*RES2;
YTDH=YTDB+K(4, 1)*RES1+K(4,2)*RES2;

ERRX=XT-XTH;
SP11=sqrt(P(1,1));
ERRXD=XTD-XTDH:
SP22=sqrt(P(2,2));
ERRY=YT-YTH;
SP33=sqrt(P(3,3));
ERRYD=YTD-YTDH;
SP44=sqrt(P(4,4));
SP11P=-SP11;

SP22P=-SP22;

SP33P=-SP33;

SP44P=-SP44;
count=count+1; _
Array T(count)=T;

Array XT(count)=XT;

Array XTH(count)=XTH;

Array YT(count)=YT;

Array YTH(count)=YTH;

Array XTD(count)=XTD;

Array XTDH(count)=XTDH;
Array YTD(count)=YTD;

Array YTDH(count)=YTDH,;
ArrayERRX(count)=FERRX;
ArraySP11(count)=SP11;
ArraySP11P(count)=SP11P;
Array ERRXD(count)=ERRXD;
ArraySP22(count)=SP22;
ArraySP22P(count)=SP22P;
ArrayERRY(count)=ERRY;
ArraySP33(count)=SP33;
ArraySP33P(count)=SP33P;
ArrayERRYD(count)=ERRYD;
ArraySP44(count)=SP44;
ArraySP44P(count)=SP44P; —!

Saving data as arrays for plotting
and writing to files

Fundamentals of Kalman Filtering:

A Practical Approach

9 -
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/Filtering Dramatically Reduces Position Error Over\

Using Raw Measurements

Extended Kalman Filtel’ ..................... r

BTor in Estimake of Downrange (FL)
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Time (Sec)

K Fundamentals of Kalman Filtering: /24
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/ Extended Cartesian Kalman Filter’s Projectile’s\

Downrange Estimates Appear to Agree With Theory

jg<+—Simulation .
150 - fooooo | — — — e — — =

100_, ..... it — .............. _

"
.
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i . i
: . :
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o
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/ Extended Cartesian Kalman Filter’s Projectile’s
Downrange Velocity Estimates Appear to Agree
With Theory

BT in Est. of Downrange Yelocity (HS)

0 20 40 60 80 100 120 140
Time (Sec)

K Fundamentals of Kalman Filtering: /26
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/ Extended Cartesian Kalman Filter’s Projectile’s\

Altitude Estimates Appear to Agree With Theory

600"
400 .|t

200 1 |-

"Hror in Estimate of Altkude (FL)
o
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8000 e B
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Extended Cartesian Kalman Filter’s Projectile’s
Altitude Velocity Estimates Appear to Agree With

Theory
e
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Errors in Estimate of Velocity Increase With
Increasing Process Noise
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Polar Coordinate System

Fundamentals of Kalman Filtering: /30

A Practical Approach



Develop Polar Equations

Recall

0 =tan” 1{7}% - yR}
XT - XR

r=~/(x7- Xp)? + (Y1 - YR)

Taking first derivative of angle

0= 1 (XT - XR) YT - (YT - YR) XT
1 +(M)2 (xT - xp)?
XT - XR

Simplification yields

0 = (xT - XR) yT - (YT - YR) XT
2

Take first derivative of range

f= %[ (xr-xg)? +(yr- yrl2 2 [2 (xr - xp)r + 2(yT- yR)VT

Which simplifies to

(xT- xR)XT+ (yT- YRIYT
T

I =

Fundamentals of Kalman Filtering:
A Practical Approach

9.




/ Developing Angular Acceleration Formula \

Taking second derivative of angle

o 2 [Xqyr+ (XT- XR) ¥ - X1yT - (YT - YR) X1/ - | (XT - XR)YT - (YT - YR)yT] 2IF
0= 4

Which simplifies to

g = (X1-XR)¥1 - (yT - YR) X7 - 2176
2

Recognizing that
Xxr=0
yr=-g

X
cos O =

sinﬁzw

We get

'e'_—gcose - 210
B r
Fundamentals of Kalman Filtering: 9-32
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/ Developing Range Acceleration Formula \

Taking second derivative of range

o _ TlXrkr + (x7 - XR)Kr + Y191+ (y1 - YRV 4 (%7 - XR)XT + (y7 - YR)YT/
2

Which simplifies to

-2
f_r26 -grsin 6
B r

K Fundamentals of Kalman Filtering: j%

A Practical Approach




Differential Equation Summary

Polar differential equations

e:—gcos9—2r9

T

-2
f_r26 -grsin 6
=

Polar initial conditions

_ . 1y10) - yr
0(0) = tan [XT(O) Xk

1(0) = v/ (x1(0) - xp)* + (y1(0) - yr)?

6(0) = X100 - xr) y1(0) - (y(0) - y) ¥1(0)
r(0)?

0) = (37(0) - XRJ¥T(0) +_(yr(0) - yR)§T(0)

1(0)

Cartesian differential equations

XT=0

yr=-¢g

Cartesian initial conditions

x1(0), y1(0), x1(0), yr(0)

Fundamentals of Kalman Filtering:

A Practical Approach

9-




Going From Polar to Cartesian

y
X
( T yT)
g
r
0
[ | B X
Cannon

Obtaining position

XT=rcos 0 +Xg
yr=rsin 0 +yg
Obtaining velocity

XT=1rcos0 -r0 sin0O

?T:r'sine +10 cos 9

Radar (x_,
aar(RyR)

Fundamentals of Kalman Filtering:

A Practical Approach
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FORTRAN Simulation That Compares Polar and
Cartesian Differential Equations-1

IMPLICIT REAL*8(A-H,0-Z)
VT=3000.
GAMDEG=45.
G=32.2
TS=l1.
XT=0.
YT=() - - - - - -
XTDoVT*COS(GAMDEGS7.3) ] Cartesian initial conditions
YTD=VT*SIN(GAMDEG/57.3)
XR=100000.
YR=0.
OPEN(1,STATUS=UNKNOWN',FILE=DATFIL')
T=0.
S=0.
H=.001
THET=ATAN2((YT-YR),(XT-XR))
RT=SQRT((XT-XR)**2+(YT-YR)**2) T =
THET DA (XT-XR) Y TD(YT-YR X TDYR T2 Polar initial conditions
RTD=((XT-XR)*XTD+(YT-YR)*YTD)/RT
WHILE(YT>=0.) _
XTOLD=XT
XTDOLD=XTD
YTOLD=YT
YTDOLD=YTD Second-order
THETOLD=THET

THETDOLD=THETD Ru nge-Kutta
RTOLD=RT . .
RTDOLD=RTD integration
XTDD=0).

YTDD=G

THETDD=(-G*COS (THET)-2. *RTD*THETD)/RT
RTDD=((RT*THETD)**2-G*RT*SIN(THET)/RT

Fundamentals of Kalman Filtering:

A Practical Approach




FORTRAN Simulation That Compares Polar and

Cartesian Differential Equations-2

END DO
PAUSE
CLOSE(1)
END

XT=XT+H*XTD
XTD=XTD+H*XTDD
YT=YT+H*YTD
YTD=YTD+H*YTDD
THET=THET+H*THETD
THETD=THETD+H*THETDD
RT=RT+H*RTD
RTD=RTD+H*RTDD
T=T+H
XTDD=0.
YTDD=G
THETDD=(-G*COS(THET)-2.*RTD*THETD)/RT
RTDD=(RT*THETD)**2-G*RT*SIN(THET))/RT
XT=5*XTOLD+XT+H*XTD)
XTD=.5*(XTDOLD+XTD+H*XTDD)
YT=5*(YTOLD+YT+H*YTD)
YTD=.5*(YTDOLD+YTD+H*YTDD)
THET=.5*(THETOLD+THET+H*THETD)
THETD=.5*(THETDOLD+THETD+H*THETDD)
RT=5*RTOLD+RT+H*RTD)
RTD=.5*(RTDOLD+RTD+H*RTDD)
S=S+H
IF(S>=TS-.00001))THEN
S=0.
XTH=RT*COS(THET)+XR
YTH=RT*SIN(THET)+YR

XTDH=RTD*COS(THET)-RT*SIN(THET)*THETD

Compare
polar and

YTDH=RTD*SIN(THET)+RT*COS(THET)*THETD C a rte S i an

WRITE@9,*)T,XT,XTH,YT,YTH,XTD,XTDH, YTD, YTDH
WRITE(1,*)T,XT,XTH,YT,YTH,XTD,XTDH,YTD,YTDH _|

ENDIF

Fundamentals of Kalman Filtering:
A Practical Approach

9.




/ Polar and Cartesian Differential Equations are \

Identical in Position

z
i i i
_3 40000 i E'Polar and ...................................................................................
= Cartesian
= 5
ol
20000 i N

0 50000 100000 150000 200000 250000 300000
Downrange, x; (Ft)

K Fundamentals of Kalman Filtering: /38
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/ Polar and Cartesian Differential Equations are \

Yelocity (FSec)

Identical in Velocity

Xr Dot

Yr Dot :
©"(Polar and Cartesian):

0 20 40 60 80 100 120 140

Time (Sec)

Fundamentals of Kalman Filtering: /39
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Extended Polar Kalman Filter

Fundamentals of Kalman Filtering: /40

A Practical Approach



Developing Polar Extended Kalman Filter Equations

Our model of the real world is now nonlinear

e:—gcos9—2r9

T

-2
f_r26 -grsin 6
B r

Linearized model of real world assuming zero process noise

0 d® & 6 0O 1 0 0

90 P or or
AO O B B 90 AB B ® B
A® B a9 Or A | Ag B g9 OO0 O
AL ab & a o || A o 0 0 1

LA 98 g9 O O [ Ar
oF o o oF o & o or
9 g O or i IRCCIT: Jr

or

AB
AB

T— Systems dynamics

matrix

Fundamentals of Kalman Filtering:
A Practical Approach

9
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Developing Fundamental Matrix-1

Evaluating partial derivatives yields

0

gsinf
r

0

-gcos0

1

-2t

T

0

2ré

0

0

gcose+2ér' _2é

2

Two term Taylor series expansion

O(t) =1 +Ft:‘

S oo =

o o= O

o= O O
- o O O

0

gsinf ¢
r

0

-gcosOt

21y

2ré t

0 0
gc:os@+26r't ﬁt
2 r
0 t
"2
0t 0
Fundamentals of Kalman Filtering: 9-42
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Developing Fundamental Matrix-2

Simplification yields
1

gsinf ¢
r
D(t) =

0

-gcosOt

Or in discrete form

1 - 20
r

2ré t

2r0 TS

0

gcos0+20r ¢
2

1

2
0t

0

gcose+29rT

I‘2
1

"2
0 T,

S

Fundamentals of Kalman Filtering:
A Practical Approach
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/ Measurement Equation is Linear in Polar System\

Measurement equation
o

[k

T

Vo

Lr

Measurement matrix

H:POOO}
0010

Discrete measurement noise matrix

030
0 o?

We now are able to solve Riccati equations

K Fundamentals of Kalman Filtering: jﬂ

A Practical Approach

Ry = E(viv]D) > Ry =




Additional Equations For Comparing Polar and
Cartesian Extended Kalman Filters-1

Recall we can derive Cartesian quantities from polar quantities
XT=T1C0S 0 +XR

yr=rsin 0 +yg
XT=1rcos0 -r0 sin0O
yr=1rsin0 +r06 cos O

Using chain rule from calculus

Ax= T Ag + OXT pg 4 OXT oy OXT
90 90 or or

A= BT A9 4 OXT pg |, OXT o OXT
90 00 or or

Ayr=DT 70 + DT pG + T Ar 4 T 5
a0 90 or ot

Ayr=DT 70 + DT A + T Ap 4 BT 5
90 90 or at

Fundamentals of Kalman Filtering:
A Practical Approach




Additional Equations For Comparing Polar and

Cartesian Extended Kalman Filters-2

Evaluating partial derivatives yields

Axt = -1sin® AO + cosO Ar

Axt = (-rsin@ —récose) AB - rsin® Aé - ésine Ar + cosO Ar

Ayt =rcos® AO + sinf Ar

Ayt = (rcos0 —ré sin@) AO + rcos Aé + écose Ar + sin® Ar

Or in state space form

-rsin® 0 cos0 0 A6
AXT . . .
AXTt | _| -fsin@-rBcosO -rsin@ -0sin® cosO A6
AyT rcosO 0 sin® 0 Ar
AyT . .
L rcoso rcoso BcosO sin® LA
¢ A
Relationship between covariance matrices
P = APpor AT
CART POL Fundamentals of Kalman Filtering: 9-46

A Practical Approach



Extended Polar Kalman Filter

Filtering equations
0= 61( +K, 1k(91t - 61() + K 2,(rc - Tx)
ék = ék + KZlk(elt - 6k) + Ko, (1 - Tx)

te= 1y + K3 1,0y - 04) + K31 - 1)

f =Ty + Ky1,(0k - 05) + Ko (1 - 1)

Where barred quantities are obtained by numerical integration
(more computationally expensive)

A Practical Approach

Fundamentals of Kalman Filtering:

9

47



True BASIC Polar Extended Kalman Filter-1

OPTION NOLET

REM UNSAVE "DATFIL"

REM UNSAVE "COVFIL"

REM UNSAVE "COVFIL2"

OPEN #1:NAME "DATFIL", ACCESS OUTPUT, CREATE NEW, ORGANIZATION TEXT
OPEN #2:NAME "COVFIL", ACCESS OUTPUT, CREATE NEW, ORGANIZATION TEXT
OPEN #3:NAME "COVFIL2", ACCESS OUTPUT, CREATE NEW, ORGANIZATION TEXT
SET #1: MARGIN 1000

SET #2: MARGIN 1000

SET #3: MARGIN 1000

DIM P(4,4),M(4,4),GAIN(4,2), PHI(4,4),PHIT(4,4),PHIP(4,4)

DIM Q(4,4),HMAT(2,4),HM(2,4), MHT(4,2), PHIPPHIT(4,4), AT(4,4)

DIM RMAT(2,2), HMHTR(2,2), HMHTRINV(2,2), A(4,4), PNEW(4,4)

DIM HMHT(2,2),HT(4,2),KH(4,4),IDNP(4,4), IKH(4,4),FTS(4,4)

DIM AP(4,4)

SIGTH=.01

SIGR=100.

TS=1.

G=32.2

VT=3000.

GAMDEG=45.

XT=0.

ATDUVTCOS(GAMDEG/S7.3) Initial conditions for Cartesian equations

YTD=VT*SIN(GAMDEG/57.3)

XR=100000.

YR=0.

YTHYT 1000, Original initial state estimates for Cartesi
YTH=YT-1000.

YTHSYT 1000, riginal initial state estimates for Cartesian
YTDH=YTD+100.

CALL ATAN2((YT-YR), (XT-XR)+.001, TH)

D RN T T AR A XTDYRA2 J Initial conditions for polar equations
RD=((XT-XR)*XTD+(YT-YR)* YTD)/R

CALL ATAN2((YTH-YR), (XTH-XR)+.001, THH)

RH=SOR((XTH-XR)"2+(YTH-YR)"2 agm » -
THDH=(XTHXR) Y TDR-(YTH VR XTDH)RE2 ]Inltlal state estimates for polar filter
RDH=((XTH-XR)* XTDH+(YTH-YR)* YTDH)/RH

ORDER=4

TF=100.

T=0.

S=0.

H=.001

HP=.001

Fundamentals of Kalman Filtering:
A Practical Approach
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True BASIC Polar Extended Kalman Filter-2

MAT PHI=ZER(ORDER,ORDER)
MAT P=ZER(ORDER,ORDER)
MAT IDNP=IDN(ORDER,ORDER)
MAT Q=ZER(ORDER,ORDER)
MAT FTS=ZER(ORDER,ORDER)
MAT A=ZER(ORDER,ORDER)

P(1,1)=(TH-THH)"2
P(2,2)=(THD-THDH)"2

P(3,3)=(R-RH)2

P(4,4)=(RD-RDHY2
RMAT(1,1)=SIGTHR

RMAT(1,2)=0.
RMAT(2,1)=0.
RMAT(2,2)=SIGR”2 _
HMAT(1,1)=1. ]
HMAT(1,2)=0.
HMAT(1,3)=0.
HMAT(1,4)=0. i
HMATO T Measurement matrix
HMAT(2,2)=0.
HMAT(2,3)=l.
HMATQ2,4)=0. —
DO WHILE YT>=0. —
THOLD=TH
THDOLD=THD
ROLD=R
RDOLD=RD

THDD=(-G*R*COS(TH)-2. *THD*R*RD)/R/2
RDD=R*R*THD*THD-G*R*SIN(TH))/R
TH=TH+H*THD

THD=THD+H*THDD

R=R+H*RD

RD=RD+H*RDD

T=T+H

THDD=(-G*R*COS(TH)-2. *THD*R*RD)/R/2
RDD=R*R*THD*THD-G*R*SIN(TH))/R
TH=.5*(THOLD+TH+H*THD)
THD=.5*(THDOLD+THD+H*THDD)
R=.5%(ROLD+R+H*RD)
RD=.5*(RDOLD+RD+H*RDD)

S=S+H ~

Initial covariance matrix

Measurement noise matrix

Second-order Runge-Kutta
integration of polar differential
equations

Fundamentals of Kalman Filtering:

A Practical Approach
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True BASIC Polar Extended Kalman Filter-3

IF S>=(TS-.00001) THEN
S=0.
FTS(1,2)=1.*TS
FTS(2,1)=G*SIN(THH)*TS/RH
FTS(2,2)=2.*RDH*TS/RH
FTS(2,3)=(G*COS(THH)+2.*THDH*RDH)*TS/RH~2
FTS(2,4)=2.*THDH*TS/RH
FTS(@3,4)=1.*TS
FTS4,1)=-G*COS(THH)*TS
FTS4,2)=2.*RH*THDH*TS
FTS(4,3)THDH2)*TS
MAT PHI=FTS+IDNP
MAT HT=TRNHMAT)
MAT PHIT=TRN(PHI)
MAT PHIP=PHI*P
MAT PHIPPHIT=PHIP*PHIT
MAT M=PHIPPHIT+Q
MAT HM=HMAT*M
MAT HMHT=HM*HT
MAT HMHTR=HMHT+RMAT
MAT HMHTRINV=INV(HMHTR)
MAT MHT=M*HT
MAT GAIN=MHT*HMHTRINV
MAT KH=GAIN*HMAT
MAT IKH=IDNP-KH
MAT P=IKH*M
CALL GAUSS(THNOISE,SIGTH)
CALL GAUSS(RNOISE,SIGR)

CALL PROJECT(T, TS, THH,THDH,RH,RDH,THB,THDB,RB,RDB,HP) g

RES 1=TH+THNOISE-THB

RES2=R+RNOISE-RB

THH=THB+GAIN(1,1)*RES 1+GAIN(1,2)*RES2
THDH=THDB+GAIN(2,1)*RES 1+GAIN(2,2)*RES2
RH=RB+GAIN(3,1)*RES 1+GAIN(3,2)*RES2
RDH=RDB+GAIN(4,1)*RES1+GAIN(4,2)*RES2

Fundamental matrix

Riccati equations

Propagate
estimates

Filter

Fundamentals of Kalman Filtering:

A Practical Approach
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SP44P

LOOP
SE #1

True BASIC Polar Extended Kalman Filter-4

ENDIF

ERRTH=TH-THH
SP11=SQR(P(1,1))
ERRTHD=THD-THDH
SP22=SQR(P(2,2)) . -
ERRR=R-RH Polar errors in estimates
SP33=SQR(P(3,3))
ERRRD=RD-RDH
SP44=SQR(P(4,4)) _|
XT=R*COS(TH)+XR

XTDSR D COSETH R THD* SINCTHD ]Actual Cartesian states

YTD=RD*SIN(TH)+R* THD*COS(TH)

XTH=RH*COS(THH)+XR Esti d C .
YTH=RH*SIN(THH)+YR

XTDECRDECOS(IEE) REF THDHS SINCTHED stimate artesian states
YTDH=RDH* SIN(THH)+RH* THDH* COS(THH)
A(1,1)=-RH*SIN(THH)

A(1,3)=COS(THH)

A(2,1)=-RDH* SIN(THH)-RH* THDH* COS(THH)
A(2,2)=-RH*SIN(THH)
A(2,3)=-THDH*SIN(THH) . .
A(2,4)=COS(THH)

A(3 )=RE*COS(THE) Transformation matrix
A(3,3)=SIN(THH)

A(4,1)=RDH* COS(THH)-RH* SIN(THH)* THDH
A(4,2)=RH*COS(THH)

A(4,3)=THDH*COS(THH)

A(4,4)=SIN(THH) |
MAT AT=TRN(A)

NAT PNE AP AT JCartesian covariance matrix

ERRXT=XT-XTH
SP11P=SQR(PNEW(1,1))
ERRXTD=XTD-XTDH

srap-soreNEw.2) - (Cartesian errors in estimates

SP33P=SQR(PNEW(3,3))

ERRYTD=YTD-YTDH

SP44P=SQR(PNEW(4,4))

PRINT T,R, RH,RD,RDH, TH, THH, THD, THDH

PRINT #1:T,R, RH,RD,RDH, TH, THH, THD, THDH

PRINT #2:T,ERRTH,SP1 1,-SP1 1, ERRTHD,SP22,-SP22,ERRR, SP33,-SP33, ERRRD, SP44, -SP44
PRINT #3:T,ERRXT,SP1 1P,-SP1 1 P, ERRXTD, SP22P,-SP22P, ERR YT, SP33P,-SP33P,ERRYTD, SP44P, -

CLOSE#2
CLOSE#3

ENIN

Fundamentals of Kalman Filtering:
A Practical Approach
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True BASIC Polar Extended Kalman Filter-5

SUB ATAN2 (Y, X, Z) ]
IF X < 0 THEN
IF Y < 0 THEN
LET Z = ATN(Y / X) - 3.14159
ELSE = .
LETZ=ATNY /%0 + 314150 | Arc tangent which is good
END IF .
ELSE in all quadrants
LET Z = ATN(Y / X)
END IF
END SUB

SUB PROJECT(TP, TS, THP,THDP,RP,RDP,THH,THDH,RH,RDH,HP)

T=0.

G=32.2

TH=THP

THD=THDP

R=RP

RD=RDP

H=HP

DO WHILE T<=(TS-.0001)
THDD=(-G*R*COS(TH)-2.*THD*R*RD)/R”2
RDD=R*R*THD*THD-G*R*SIN(TH))/R
THD=THD+H*THDD
TH=TH+H*THD
RD=RD+H*RDD
R=R+H*RD
T=T+H

LOOP

RH=R

RDH=RD

THH=TH

THDH=THD

END SUB |

SUB GAUSS(X,SIG)

Propagate polar states
ahead one sampling
interval using Euler
integration

LET X=RND+RND+RND+RND+RND+RND-3 Gaussian noise routine

LET X=1.414*X*SIG
END SUB

Fundamentals of Kalman Filtering:

A Practical Approach
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/Polar and Cartesian Extended Kalman Filters Yield\

Similar Results for Downrange Estimates

BTor in Estimake of Downrange (FL)

0 20 40 60 80 100 120 140
Time (Sec)

x Fundamentals of Kalman Filtering: /53
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/Polar and Cartesian Extended Kalman Filters Yield\

Similar Results for Downrange Velocity Estimates

20 o s - - s — s
| . Simulation ~ [Polar Filter]

dhS

103

Br. in Est. of Dovmrange Yeloc ity (HS)

0 20 40 60 80 100 120 140
Time (Sec)

K Fundamentals of Kalman Filtering: /54
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/Polar and Cartesian Extended Kalman Filters Yield\

Similar Results for Altitude Estimates

Sirriulation

BTor in Estimake of Altkude (R)

~ [Polar Filter
'i'heory
I I i I I
60 80 100 120 140
Time (Sec)
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/Polar and Cartesian Extended Kalman Filters Yield\

Similar Results for Altitude Velocity Estimates

Error in Est. of Altkude Yelocity (FI'5)

20

—h
o

103

20

40

60 80 100 120 140

Time (Sec)
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Error in the Estimate of Angle Indicates That
Extended Polar Kalman Filter Appears to be
Working Properly

0.010 p o e e e “[Polar Fiter] " T

éSimuIation

0.005 ] . States

0.000 |

0.005 ] J+-"

BTor in Estimake of Angle (Rad)

-0.010 —-'i:'-""l ...... ™ I"“"é ...... ™ ™ I.""é ..... ; ..... ; ..... ;"."é ..... ; ..... ; ..... ;"."; ..... ; ..... ; ..... ;"."é ..... T “""é ...... T “""é-_
0 20 40 60 80 100 120 140

Time (Sec)
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Error in the Estimate of Angle Rate Indicates That
Extended Polar Kalman Filter Appears to be
Working Properly

00010 —..ms- :
0.00010 | Polar Filter

000005 ] - i Theory ]
0.00000_-.2 ..........

-0.00005 — .....................

Eror in Estimate of Angular Rabe {R'S)

0.00010 | Lo L1

0 20 40 60 80 100 120 140
Time (Sec)

K Fundamentals of Kalman Filtering: /58
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Error in the Estimate of Range Indicates That
Extended Polar Kalman Filter Appears to be
Working Properly

100 s R— —

Polar Filter

n
o
'

&
o
1 I L1

BTor in Estimate of Hange (H)

-100 _. - |

asod | — I A A —

0 20 40 60 80 100 120 140

Time (Sec)
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Error in the Estimate of Range Rate Indicates That
Extended Polar Kalman Filter Appears to be
Working Properly

BTor in Estimate of Hange Rate (R 5ec)

0 20 40 60 80 100 120 140

Time (Sec)
K Fundamentals of Kalman Filtering: /60
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Using Linear Decoupled Polynomial Kalman Filters

k Fundamentals of Kalman Filtering: /61
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Making Measurement Noise Appear to be Linearly
Related to States-1

In Cartesian frame model of real world is linear but
measurements are nonlinear

Recall

XT =1c0s0 + XR

yT=18in + yg
Find total differential from calculus

AxT = IXTA L+ 9XTAQ = cosBAT - rSinfAB
aI‘ ae

Ayr = YTAr + DTAQ = §inBAr + reosdAD
Jr 00

Square both equations

Ax% = cos20Ar? - 2rsinfcosOArAD + 12sin?0A0°

Ay% = sin?0Ar2 + 2rsinfcosOArA0 + 12c0s20A0°

Fundamentals of Kalman Filtering:
A Practical Approach




ﬂllaking Measurement Noise Appear to be Linearly\
Related to States-2

Taking expectations of both sides assuming range

and angle are not correlated

E(Ax3) = cos26E(Ar2) + rzsinzeﬂAez)

ElAy3) = sin20E(Ar2) + rzcoszeF(Aez)
Since

o?, = Elaxd)

o2, = ElAy})

o2 = E(Ar2)

o2 = E(r6?)

We can say

"

: 2
0%, = c0s2067 +12sin’60;

2 —¢in2062 + r2cos20G2
Oy, = sin“00; + r’cos?00,

*We are pretending noise is
on x and y rather than

rand 0
Fundamentals of Kalman Filtering: /63
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/ Important Matrices in Downrange Channel-1 \

Model of real world
it
00
Process noise matrix
oo
Q=
0 O
Systems dynamics matrix
F=0 o)
For this F we have already seen that

o= 1

0

Ug

XT

X
. T4
XT

XT

Discrete fundamental matrix

S

K Fundamentals of Kalman Filtering: jﬂ

A Practical Approach




Important Matrices in Downrange Channel-2

Discrete process noise matrix can be found from
Qu = f ODQ' (1)dt

We have already seen that

T T
302

s
2

Due to our use of pseudonoise measurement equation is linear

Qk = (I)s
Ts

xr=[1 o}m

+ Vx

Measurement matrix
H=[1 0]

Measurement noise matrix is a scalar

Rg=02, o 07, = c0s2007 + r2sin290§
4 4 From radar

Fundamentals of Kalman Filtering:
A Practical Approach
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Downrange Linear Polynomial Kalman Filter

Recall
Xk = DXy + Kg(zg - HOX )

Substituting matrices yields

e e e o |

XT, XT,., k XT,.,

Multiplying terms out yields

X1, = X1, +TeXp, + Klk(ka - X1, - TsXr)

> > %o~ >
X7 = X1, + KZk(XTk - XT, - TSXTk—l)

Fundamentals of Kalman Filtering:
A Practical Approach
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/ Important Matrices in Altitude Channel \

Model of real world

x =Fx +Gu +w

0
g

0

Ug

YT
YT

YT
yT
Disturbance or control vector
0
G =
™

+

:|O1 +

00

Finding discrete disturbance vector

Ts
Ts
Gr=| ®Gdr= {OTHO}CR:
| 01/ -g
0

Measurement equation *Matrices for Riccati

equations are identical
in both channels except

Measurement noise matrix is scalar for measurement noise

K Ri=0}, 07, = sin’06? + r200s290§ /
Fundamentals of Kalman Filtering: 9-67

A Practical Approach
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Altitude Linear Polynomial Kalman Filter

Recall

Xk = @kxg | + Ggug | + Kg(zg - HOXg | - HGyug )

Substituting matrices yields
YT :{ 1 Ts} YT _{ Sng
§Tk 01 AYTk,I gl

Multiplying out terms

K1,

+
Kj,

1Tﬂ
01

ZT“]+[1 0]

yr-l 1 0][ .
YT,

S/\Tk = /}7ka1 + TSYTH "5ng+ Klk(xii"k - /)ZTH - TSXTk,l +'5ng)

YTk = YTk—l _gTS+ sz(xj[:,k - S(\Tk,l - TSXTk,1+'5ng)

Fundamentals of Kalman Filtering:
A Practical Approach
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MATLAB Version of Two Decoupled Polynomial
Linear Kalman Filters for Tracking Projectile-1

TS=1.;
ORDER=2;
PHIS=0.;
SIGTH=.01;
SIGR=100.;
VT=3000.;
GAMDEG=45.;
G=32.2;

XT=0.;

XD Tcos GAMDEG/S7.3): J Initial conditions on projectile

YTD=VT*sin(GAMDEG/57.3);

XR=100000.;

YR=0.;

T=0.;

S=0.;

H=.001;

PHI=zeros(ORDER,ORDER);

P=zeros(ORDER,ORDER);

IDNP=eye(ORDER);

Q=zeros(ORDER ,ORDER);

PHI(1,1)=1.; i

o JFundamental matrix for both channels

HMAT(1,1)=1.; .

El-l\l/lf?flgh%?:o.; ] Measurement matrix for both channels

HT=HMAT":

Q(,1)=PHIS*TS*TS*TS/3.; . .

O(1.2)=PHIS*TS*TS/2.: ] Process noise matrix for both channels
2,1 1,2);

00 2 BHIS s

P(1,1)=1000.72; -

P(2,2)=100.72; 1 H H H

b D002 J Initial covariance matrices

PY(2,2)=100.%2;

XTH=XT+1000.;

vt ]Initial state estimates

YTDH=YTD-100.; o
Fundamentals of Kalman Filtering:

A Practical Approach
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Version of Two Decoupled Polynomia
Linear Kalman Filters for Tracking Projectile-2

while YT>=0. _
XTOLD=XT;
XTDOLD=XTD;
YTOLD=YT;
YTDOLD=YTD;
XTDD=0.;

iy Second-order Runge-Kutta
XTD=XTD+H* XTDD; . . . . .
YT=YT+H YTD: integration for projectile equations
YTD=YTD+H*YTDD;

T=T+H;

XTDD=0.;

YTDD=-G;

XT=.5*(XTOLD+XT+H* XTD);
XTD=.5*(XTDOLD+XTD+H* XTDD);
YT=.5*(YTOLD+YT+H*YTD);
YTD=.5*(YTDOLD+YTD+H*YTDD);
S=S+H; -
if S>=(TS-.00001)

THETH=atan2((YTH-YR),(XTH-XR));
RTH=sqrt((XTH-XR)"2+(YTH-YR)A2); D R
RMAT(1, 1)=(cos(THETH)*SIGR)"2+(RTH*sin(THETH)*SIGTH)"2; €—

PHIP=PHL"D. own range
PHIPPHIT=PHIP*PHIT;
M=PHIPPHIT+Q;
HM=HMAT*M;

HMHT=HM*HT; . . . .

HMHTR=HMHT+RMAT: Riccati equations in

HMHTRINV(1, 1)=1./HMHTR(1, 1);

MHI=M*HT. downrange channel

K=MHT*HMHTRINV;

KH=K*HMAT;

IKH=IDNP-KH;

P=IKH*M;

THETNOISE=SIGTH*randn; .

RTNOISE=SIGR *randn;

TRt (1 O Actual noisy measurements
=sqrt ((XT- +(YT- ;

THETMEAS=THET+ THETNOISE: of range and angle

RTMEAS=RT+RTNOISE;

XTMEAS=RTMEAS*cos(THETMEAS)+XR;

RES1=XTMEAS-XTH-TS* XTDH; .

XTH=XTH+TS*XTDH+K(1,1)*RES1; Downrange filter

XTDH=XTDH+K(2.1)*RES1; undamentals of Kalman Filtering:

A Practical Approach




en

MATLAB Version of Two Decoupled Polynomial
Linear Kalman Filters for Tracking Projectile-3

RMATY(1,1)=(sin(THETH)* SIGR)"2+(RTH* cos(THETH)* SIGTH)2; %Altltu de R
PHIPY=PHI*PY;
PHIPPHITY=PHIPY*PHIT,
MY=PHIPPHITY+Q;,
HMY=HMAT*MY,; - . . .
HMHTY=HMY* HT: Riccati equations in
HMHTRY=HMHTY+RMATY; I t . t d h I
HMHTRINVY(1,1)=1./HMHTRY(1,1);

NHIYSMY T, alititude cnanne
KY=MHTY*HMHTRINVY;
KHY=KY*HMAT;

IKHY=IDNP-KHY;

PY=IKHY*MY; |
YTMEAS=RTMEAS*sin(THETMEAS)+YR;
RES2=YTMEAS-YTH-TS*YTDH+.5*TS*TS*G; H H
YTH=YTH+TS*YTDH-.5*TS*TS*G+KY(1,1)*RES2; Altltu de fl Iter
YTDH=YTDH-TS*G+KY(2,1)*RES2;

ERRX=XT-XTH;

SP11=sqrt(P(1,1));
ERRXD=XTD-XTDH;
SP22=sqrt(P(2,2));

ERRY=YT-YTH;
SP11Y=sqrt(PY(1,1));
ERRYD=YTD-YTDH;
SP22Y=sqrt(PY(2,2));
SP11P=-SP11;

SP22P=-SP22;

SP11YP=-SP11Y,;

SP22YP=-SP22Y,

count=count+1; J—
Array T(count)=T;
ArrayERRX(count)=ERRX;
ArrayERRXD(count)=ERRXD;
ArrayERRY(count)=ERRY; -
amyeRrvDeom-tReYD: | Collect data for plotting
ArraySP11(count)=SP11; d _t_ t f_l
ArraySP11P(count)=SP11P;

ArraySP22(count)=SP22; an writin g o I es
ArraySP22P(count)=SP22P;
ArraySP11Y(count)=SP11Y;
ArraySP11YP(count)=SP11YP;
ArraySP22Y(count)=SP22Y;
ArraySP22 YP(count)=SP22YP;
end

Fundamentals of Kalman Filtering:

A Practical Approach
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Linear Decoupled Kalman Filter Downrange Error in
the Estimate of Position is Larger Than That of
Extended Kalman Filter

Linear Decoupled Filters

BTor in Estimake of Downrange (FL)

iTheory

I T T T I T T T I T T T I T T T I T T T I T T T I T T T I
0 20 40 60 80 100 120 140
Time (Sec)
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Linear Decoupled Kalman Filter Downrange Error in
the Estimate of Velocity is Larger Than That of
Extended Kalman Filter

20 — g S S S
‘ - Simulation Linear Decoupled Filters

Bror in Bst. of Dovwmnrange Yelocity (HS)

0 20 40 60 80 100 120 140
Time (Sec)
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Linear Decoupled Kalman Filter Altitude Error in
the Estimate of Position is Larger Than That of
Extended Kalman Filter
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800 fFreu o Theory o
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Linear Decoupled Kalman Filter Altitude Error in
the Estimate of Velocity is Larger Than That of
Extended Kalman Filter

20 — —— — Cnear Decoupiea Fiers]

Error in Est. of Altkude Yelocity (FI'5)
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Using Linear Coupled Polynomial Kalman Filters

k Fundamentals of Kalman Filtering: /76

A Practical Approach




Measurement Noise Matrix For Linear Coupled
Polynomial Kalman Filter -1

In Cartesian frame model of real world is linear but
measurements are nonlinear

Recall

XT =1c0s0 + XR

yT=18in + yg
Find total differential from calculus

AxT = IXTA L+ 9XTAQ = cosBAT - rSinfAB
aI‘ ae

Ayr = YTAr + DTAQ = §inBAr + reosdAD
Jr 00

Square both equations

Ax% = cos20Ar? - 2rsinfcosOArAD + 12sin?0A0°

Ay% = sin?0Ar2 + 2rsinfcosOArA0 + 12c0s20A0°

Fundamentals of Kalman Filtering:
A Practical Approach




Measurement Noise Matrix For Linear Coupled
Polynomial Kalman Filter -2

We can also find

AxTAyT = 5inBcosOAr? + 15in>0ArA0 + rcos20ArA8- rzsinecoseAe2 <+ Neg'ected before

Taking expectations
E(Ax%) = cos20E(Ar2) + rzsinzeﬂAez)

ElAy3) = sin20E(Ar2) + rzcoszeE(Aez)
T

E(AxTAyrt) = sin@cos®@ E(Ar2) - r2sinfcos® ﬂAGZ) +«— New

Therefore
02, = c0s2002 + 2sin?0c,

2 —¢in2062 + r2cos20G2
Oy, = sin“00; + r’cos?00,

2 _ 2 2 2
Oxry; = SinBcosO o7 - r2sinbcosb oy

Or

: 2
cos206? + r2sin*0 oy
Ry =

. : 2
sinBcos00? - r2sinBcosO oy

07, = E(Ax%)

o2 = E(Ar2)
Where o}, = Elay}) o
) o2 = E(r6?)
Oxryr = E(AXTAyT)
sinBcosfG? - r2sin60059(5§
sin2062 + r2005260§
Fundamentals of Kalman Filtering: 9-
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ﬁmportant Matrices For Linear Coupled Polynomia\
Kalman Filter-1

Measurement equation
XT
yr

xi|
[YJ { .
yr
Measurement matrix

H:POOO}
0010

XT
0 } ' Vx
0 Vy

Model of real world

K Fundamentals of Kalman Filtering: jw
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ﬁnportant Matrices For Linear Coupled Polynomial\
Kalman Filter-2

Fundamental matrix

(1) =

o= OO

0
0
t
1

0t
01
00
00

Discrete fundamental matrix

b
o—oco
o3

[}

(I)k:

[N oo
S O =
—_

Continuous process noise matrix

0000 |
0d, 0 0
0000
00 0]

Q=E(wwT) > Q=

Discrete process noise matrix can be derived from

Ts
Qi = f D(T)QP’ (Dt
0
Fundamentals of Kalman Filtering: 9-80
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ﬁmportant Matrices For Linear Coupled Polynomi
Kalman Filter-3

Discrete process noise matrix

T23<I>s T%;Ds 0 0
2
TST‘DS T®, 0 0
Qk =
3 2
T2®
0 0 P T,

Continuous control vector

0
G =

0
0
g

ﬂ

Deriving discrete control vector

Fundamentals of Kalman Filtering: jf@l
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Recall

Linear Coupled Polynomial Kalman Filter-1

Xk = @xk 1 + Gyug | + Kg(zg - HOxXx 1 - HGgug 1)

Substitution yields

XTk
XT,
YT

YT,

S =~
o O
— O
o O

[N oo

oo~
o—~oo
—~H oo

o O OO

oo~
o= oo
- o o

7]

XTi.g
XTy

YT

Y1, J

XTy
XTy.g

YT

L ka—l _

Fundamentals of Kalman Filtering:
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Linear Coupled Polynomial Kalman Filter-2

Multiplying out terms
RESl = X:E( - /)ZTH - TSXTk,l
RES; = y:i"k - ?Tk—l - Ty, + Sng

g(\Tk = /)ZTH + TSXTk,l + Kl 1kRESI + Kl QkRESZ

~

XTk = XTH + KZlkRESI + KZZkRESZ

~

YT = Y1, + Tsyn, --5gT2+ K31, RES; + K3, RES,

YL = Y1, -£Ts + K41, RES| + K45, RES;

Fundamentals of Kalman Filtering:
A Practical Approach
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MATLAB Version of Coupled Polynomial Linear
Kalman Filter for Tracking Projectile-1

TS=1.;
ORDER=4;
PHIS=0.;
SIGTH=.01;
SIGR=100.;
VT=3000.;
GAMDEG=45.;
G=32.2;
XT=0.;

“mjﬁ-ﬁ%os(GAMDmm] Initial conditions on projectile

YTD=VT*sin(GAMDEG/57.3);
XR=100000.;

YR=0.;

T=0.;

S=0.;

H=.001;
PHI=zeros(ORDER,ORDER);
P=zeros(ORDER,ORDER);
IDNP=eye(ORDER);
Q=zeros(ORDER.ORDER);
PHI(1,1)=1.;
PHI(1,2)=TS;
PHI(2,2)=1.; .
i -1, | Fundamental matrix
PHI(3,4)=TS;
PHI(4,4)=1.; —
HMAT(1,1)=1.; | M t t .
HMAT(1,2)=0.;

VAT 3120, easurement matrix
HMAT(1,4)=0.;
HMAT(2,1)=0.;
HMAT(2,2)=0.;
HMAT(2,3)=1.;
HMAT(2,4)=0.;
PHIT=PHI';
HT=HMAT", -
Q(1,1)=PHIS*TS*TS*TS/3.;
Q(1,2)=PHIS*TS*TS/2.;
Q2,1)=Q(1,2); . .
Q(2.2)=PHIS*TS: Process noise matrix
Q(3,3)=PHIS*TS*TS*TS/3.;
Q(3,4)=PHIS*TS*TS/2.;
Q(4,3)=Q(3,4);
4)=PHIS*TS; =

Fundamentals of Kalman Filtering:
A Practical Approach
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MATLAB Version of Coupled Polynomial Linear
Kalman Filter for Tracking Projectile-2

P(1,1)=1000.A2; -
2,2)=100.72; agm - -
raacio00: | Initial covariance matrix
P(4,4)=100.72;
XTH=XT+1000.;
Teveoo | Initial filter state estimates
YTDH=YTD+100.;_|
count=0;
whilet‘,YT>=0. —
XTOLD=XT;
XTDOLD=XTD;
YTOLD=YT;
YTDOLD=YTD;

XTDD=0.. Second-order Runge-Kutta

YTDD=-G;
XT=XT+H*XTD; i i i i
N b, integration for projectile
YT=YT+H*YTD; H
T=T+H;
XTDD=0.;
YTDD=-G;
XT=.5*(XTOLD+XT+H* XTD);
XTD=.5*(XTDOLD+XTD+H* XTDD);
YT=.5*(YTOLD+YT+H*YTD);
YTD=.5*(YTDOLD+YTD+H* YTDD);
S=S+H;
if S>=(TS-.00001)
S=0.;
THETH=atan2((YTH-YR), (XTH-XR));
RTH=sqrt((XTH-XR)"2+(YTH-YR)*2);

RMAT(1,1)=(cos(THETH)* SIGR)*2+(RTH*sin(THETH)* SIGTH)"2; .
RMAT(2,2)=(sin(THETH)* SIGR)"2+(RTH*cos(THETH)* SIGTH)"2; R m at rix
RMAT(1,2)=sin(THETH)*cos(THETH)* (SIGR2-(RTH* SIGTH)"2);

RMAT(2,1)=RMAT(1,2);
PHIP=PHI*P;
PHIPPHIT=PHIP*PHIT;
M=PHIPPHIT+Q;
HM=HMAT*M; . . .
HMHT=HMHT, Riccati equations
HMHTR=HMHT+RMAT;
HMHTRINV=inv(HMHTR);
MHT=M*HT;

MHT=M*HT;
KR=MHAOTTAMATRINV,

Fundamentals of Kalman Filtering:
A Practical Approach




Version of Coupled Polynomial Linear
Kalman Filter for Tracking Projectile-3

KH=K*HMAT;
IKH=IDNP-KH;

P=IKH*M;
THETNOISE=SIGTH*randn;
RTNOISE=SIGR *randn;
THET=atan2((YT-YR), (XT-XR)); =
RT=sqrt(XT-XR)\2+(YT-YR)"2): Noisy radar measurements
THETMEAS=THET+THETNOISE;

RTMEAS=RT+RTNOISE;

XTMEAS=RTMEAS*cos(THETMEAS)+XR;

VTMEAS_RTMEAS*<in( THEIMEAS) YR, j Pseudomeasurements
RES1=XTMEAS-XTH-TS*XTDH;

RES2=YTMEAS-YTH-TS*YTDH+.5*TS*TS*G;

XTH=XTH+TS* XTDH+K(1,1)*RES1+K(1,2)*RES2; .
XTDH=XTDH+K(2,1)*RES1+K(2,2)*RES2; FI Iter
YTH=YTH+TS*YTDH-.5*TS*TS*G+K(3,1)*RES1+K(3,2)*RES2;
YTDH=YTDH-TS*G+K(4,1)*RES1+K(4,2)*RES2;

ERRX=XT-XTH,;
SP11=sqrt(P(1,1));
ERRXD=XTD-XTDH;
SP22=sqrt(P(2,2));
ERRY=YT-YTH;
SP33=sqrt(P(3,3));
ERRYD=YTD-YTDH;
SP44=sqrt(P(4,4));
SP11P=-SP11;

SP22P=-SP22;

SP33P=-SP33;

SP44P=-SP44;
count=count+1;

Array T(count)=T;
ArrayERRX(count)=ERRX;
ArrayERRXD(count)=ERRXD;
ArrayERRY(count)=ERRY;
ArrayERRYD(count)=ERRYD;

AmySP 1 com)=SP1L: Sa_v!ng data for plotting and
Amsaneomrsror | Writing to files

ArraySP33(count)=SP33;
ArraySP33P(count)=SP33P;
ArraySP44(count)=SP44;
ArraySP44P(count)=SP44P;
end

Fundamentals of Kalman Filtering:
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Error in Estimate of Downrange is the Same for Both
the Linear Coupled and Extended Kalman Filters

: _ Theory "
_. 150 — ---------------------- | — —— T— Linear Coupled Filter|-.....: -
L 1 5 5 5 5 5 ;
E 50 LA L AWM o
& -
L= 1 [
% 0_-'5" SO P OO SR SO | | NS SRS SO S ) VO S0 N -
E .5()_:J ................................ Theory g N Ch S [
£ 1.

;

100 35t § § 0 Y Lo N — I
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Error in Estimate of Downrange Velocity is the
Same for Both the Linear Coupled and Extended
Kalman Filters

o Linear Coupled Filter
E : : :

-

$
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/Error in Estimate of Altitude is the Same for Both\

the Linear Coupled and Extended Kalman Filters

Linear Coupled Filter

600 % S — A— |

a00 ] i

200 .
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Error in Estimate of Altitude Velocity is the Same for
Both the Linear Coupled and Extended Kalman Filters

Linear Coupled Filter

Error in Est. of Altkude Yelocity (FI'5)

0 20 40 60 80 100 120 140
Time (Sec)

K Fundamentals of Kalman Filtering: /90

A Practical Approach




-

Robustness Comparison of Extended and Linear

"

~

Coupled Kalman Filters
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We Will Conduct Experiments With Initialization

Initial filter state estimates

o
%1(0)
y1(0)

¥1(0) |

x1(0)
x1(0)
y1(0)
y1(0)

+W

-1000

1000
-100
100

Initial covariance matrix

10002
0
0
0

0
1002
0
0

0
0
10007

0

Errors

0
0
0

1002

Let us start by doubling nominal errors

o
%1(0)
y1(0)

y1(0) |

x1(0)
x1(0)
y1(0)
y1(0)

+W

2000
-200

-2000
200

and

Until now

20002 0
0 2002
0 0

_ 0 0

0
0
20002

0

0
0
0

2002

A Practical Approach
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Extended Kalman Filter Sensitivity to Initialization

"

~

Errors
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Extended Kalman Filter Appears to Yield Good \
Estimates Even When Initialization Errors are Twice

as Large as Nominal

300000 —. o e e e — — e _
Nominal Errors and 5 : :
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ﬁistimates From Extended Kalman Filter Degrade\
Severely When Initialization Errors are Five Times
Larger Than Nominal

300000 - — . — — — — —
1 Five Times

Nominal Errors
250000 - e T e — e e

= 200000-@ ........................ ....................... ....................... ....................... A ...................... ........................ _
£ 150000--§ ------------------------ - o Vi T T—— —

100000 3

50000_.5 ................ ERER S — Actual ...... S— S— S— L

0—-.% ....... ™ I"“"é ...... ™ ™ I.""é ..... ; ..... ; ..... ;""'é ..... ; ..... ; ..... ;""'é ..... ; ..... ; ..... ;""'é ..... T “""é ...... T “""é-_
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%1(0) | o 50002 0 0 0
- X7 5000 ,
%1(0) ‘XT(O)] ‘ -500 ] p- O 00 0

y1(0) 5000
y1(0) 500

= +
yr(0) | |3 - 0 0 50002 O
y1(0) ) 0 0 5002
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u

Estimates From Extended Kalman Filter are
orthless When Initialization Errors are Ten Tim

Larger Than Nominal

400000 —.

: Ten Times
- |Nominal Errors
1011111 ) JEE T IR SRR SRR S— U R S—
> 200000__.:... SIS SNSRI S S TR R S =
2
£ ]
§ 100000 —| [l gt e e L R
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Estimaté
'100000—'i """ P | """ ——— | """"""""""" | """""""""""" B I I
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Time (Sec)
' %70) | o 100002 0 0 0
-~ XT 10000 )
X’I(O) _ XT(O) N -1000 P, = 0 1000 0 0
y10) | | YTO) | -10000 0 0 100002 0
A y1(0) 1000 2
y0) | 0 0 0 1000% _
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Addition of Process Noise Enables Extended \
Kalman Filter to Better Estimate Downrange in

Presence of Large Initialization Errors

400000 —. o p—m— R e S R —
1 Ten Times :
. Nominal Errors
1 Estimated
300000 —: ; :

0l '
Estimated___
. _
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Making Process Noise Larger Further Improves
Extended Kalman Filter’s Ability to Estimate
Downrange

Ten Times
Nominal Errors

[ T R R R T T
300000 ~Actual

éEstimaté
- =100

0 20 40 60 80 100 120 140
Time (Sec)
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/After an Initial Transient Period Simulation RGSUHS\

Agree With Covariance Matrix Predictions
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Linear Coupled Polynomial Kalman Filter
Sensitivity to Initialization Errors
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/Linear Coupled Polynomial Kalman Filter Does Not\

Appear to be Sensitive to Large Initialization Errors

300000 —.

Ten Times Nominal Error
250000 _ Linear Coupled Kalman Filter| :
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[3 H :

200000 -]
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S 150000-;
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ﬂinear Coupled Polynomial Kalman Filter Appearﬁ

to be Working Correctly in Presence of Large
Initialization Errors

200 g SlmUIatlon ............... s Ten Times Nominal Error
v Linear Coupled Kalman Filter

BTor in Estimake of Downrange (FL)
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Qame performance as when initialization errors are small /
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ﬁnear Coupled Kalman Filter Performance Appeaﬁ
to be Independent of Initialization Errors

Simulation. Theory |Linear Coupled Filter|
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/ Cannon Launched Projectile Tracking Problem\

Summary

For this problem there were no performance advantages in the
polar coordinate system but there were computational

disadvantages

For this problem a linear coupled polynomial Kalman filter
yielded similar performance

Linear coupled polynomial Kalman filter was much less
sensitive to initialization errors than extended Kalman filter
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