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Prototype problem: Smoothing 
with intermittent observations!
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Outline of talk!

¥! Reversal of the direction of time in 
stochastic systems: an new derivation by 
all-pass extension!

¥! A review of the geometry of smoothing!
¥! Forward and backward Kalman Þltering 

with intermittent observations!
¥! A symmetric balanced two-Þlter formula for 

smoothing with intermittent observations!



Reversing time in stochastic systems!
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State dynamics and all-pass 
extension!

We begin with a stationary discrete-time state equation

x(t + 1) = Ax(t) + Bu(t)

A ! Rn! n B ! Rn! p E{ u(t)u(s)"} = I p! ts rank
!
B, AB, . . . A n# 1B

"
= n

P = APA" + BB "

Normalizing state transformation: " = P# 1
2 x

F = P# 1
2 AP

1
2 G = P# 1

2 B

" (t + 1) = F " (t) + Gu(t)
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y(t) =
! t
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y(t) =
t"

s= "#

G(t, s)u(s) + D(t)u(t)
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...
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'
'
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(
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)
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If the system time invariant , A, B, C, D constant matrices.
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stochastic systems: an new derivation by 
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¥! A review of the geometry of smoothing!
¥! Forward and backward Kalman Þltering 

with intermittent observations!
¥! A symmetric two-Þlter balanced formula for 

smoothing with intermittent observations!



Geometry of linear stochastic 
systems: review of selected topics!

For the moment suppose observations ofy is available
on the whole interval [0, T].

H := H (du) = Hilbert space spanned by the increments of the
components ofu with inner product ! ! , " " := E{ !" }

H (døu) = H := H (du)

H [t1,t 2 ](dy) = the (closed) subspace generated by the components of
the increments of the observation processy over the window [t1, t2]

X (t) := { a!x(t) | a # Rn} = { a!øx(t) | a # Rn}

The Kalman estimate öx(t)
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Two different problem formulations!

Finally, we consider a continuous-time non-stationary
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Geometry for intermittent 
observations!
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Filtering with intermittent 
observations!
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"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

¥ Interval (t2, t3]:

"
X ! (t) %

"
X + (t) | X (t)

"
X !

E
!
X + | !

X "!&
"
X +

EX | !
X "

' (
E

!
X + |X

X
"
H = proper subspace ofH (dy) spanned by the observedy

"
H t

! :=
"
H ) H !

t (dy)
"

H t
+ :=

"
H ) H +

t (dy)

"
X ! (t) := { a#x! (t) | a # Rn} , wherea#x! (t) = E

!
H t

"
a#x(t)

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
�
Ht

�
a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

¥ Interval (t2, t3]:

"
X ! (t) %

"
X + (t) | X (t)

"
X !

E
�
X + | �

X �!&
"
X +

EX | �
X �

' (
E

�
X + |X

X
"
H = proper subspace ofH (dy) spanned by the observedy

"
H t

! :=
"
H ) H !

t (dy)
"

H t
+ :=

"
H ) H +

t (dy)

"
X ! (t) := { a#x! (t) | a # Rn} , wherea#x! (t) = E

�
Ht

�
a#x(t)

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
(dy). Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

&
Bd

Dd

'
(B #

d, D#
d) =

! t2

t1

&
! (t2, s)BB #! (t, s) ! (t2, s)BM (s)#

M (s)B #! (t2, s)# M (s)M (s)#

'
ds

Discrete Kalman Þlter step:

5



dx = A(t)x(t)dt + B (t)du, x(0) = x
0

uncorrelated with du

dy = C(t)x(t)dt + D (t)du

0 t
1

t
2

t
3

t
4

T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

¥ Interval (t2, t3]:

"
X ! (t) %

"
X + (t) | X (t)

"
X !

E
!
X + | !

X "!&
"
X +

EX | !
X "

' (
E

!
X + |X

X
"
H = proper subspace ofH (dy) spanned by the observedy

"
H t

! :=
"
H ) H !

t (dy)
"

H t
+ :=

"
H ) H +

t (dy)

"
X ! (t) := { a#x! (t) | a # Rn} , wherea#x! (t) = E

!
H t

"
a#x(t)

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

&
Bd

Dd

'
(B #

d, D#
d) =

! t2

t1

&
! (t2, s)BB #! (t, s) ! (t2, s)BM (s)#

M (s)B #! (t2, s)# M (s)M (s)#

'
ds

¥ Interval (t2, t3]:

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

v2(t1) =
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

&
Bd

Dd

'
(B #

d, D#
d) =

! t2

t1

&
! (t2, s)BB #! (t, s) ! (t2, s)BM (s)#

M (s)B #! (t2, s)# M (s)M (s)#

'
ds

¥ Interval (t2, t3]:

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

&
Bd

Dd

'
(B #

d, D#
d) =

! t2

t1

&
! (t2, s)BB #! (t, s) ! (t2, s)BM (s)#

M (s)B #! (t2, s)# M (s)M (s)#

'
ds

¥ Interval (t2, t3]:

1



dx = A(t)x(t)dt + B (t)du, x(0) = x
0

uncorrelated with du

dy = C(t)x(t)dt + D (t)du

0 t
1

t
2

t
3

t
4

T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

dx = A(t)x(t)dt + B(t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D(t)du

0 t1 t2 t3 t4 T

1

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

&
Bd

Dd

'
(B #

d, D#
d) =

! t2

t1

&
! (t2, s)BB #! (t, s) ! (t2, s)BM (s)#

M (s)B #! (t2, s)# M (s)M (s)#

'
ds

¥ Interval (t2, t3]:

1

x! (t2) = Adx! (t1) + K d(! y ! Cdx! (t1))

K d = ( AdQ(t1)C"
d + BdD "

d)(CdQ(t1)C"
d + DdD "

d)! 1

Q(t2) = AdQ(t1)A"
d ! K d(CdQ(t1)C"

d + DdD "
d)K "

d + BdB "
d

¥ Interval (t2, t3]:

#
X ! (t) "

#
X + (t) | X (t)

#
X !

E
!
X + | !

X "!#
#
X +

EX | !
X "

$ %
E

!
X + |X

X
#
H = proper subspace ofH (dy) spanned by the observedy

#
H t

! :=
#
H & H !

t (dy)
#

H t
+ :=

#
H & H +

t (dy)

#
X ! (t) := { a"x! (t) | a ' Rn} , wherea"x! (t) = E

!
H t

"
a"x(t)

#
X + (t) := { a"øx+ (t) | a ' Rn} , wherea"øx+ (t) = E

!
H t

+
a"øx(t)

a"x! (t) = E
!

H t
"

a"x(t)

a"x+ (t) = E
!

H t
+

a"x(t)

E
!

H t
"

E
!

H t
+

smoothing estimate: öx(t)

a"öx(t) = E H (dy) a"x(t)

LEMMA. a"öx(t) = E H !
t a"x(t) for all a ' Rn

2

x(t) = ! (t, s)x(s) +
! t

s
! (t, ! )B (! )du(! )

y(t) = y(s) +
! t

s
C(! )x(! )d! + u(t) ! u(s)

Determine x! (t)

¥ Interval [0, t1]:
x! (t) given by the regular Kalman Þlter

¥ Interval [t1, t2):
"

H t
! = H !

t1
. Set K ! " 0 in Kalman Þlter

a#x! (t) = E
!

H t
"

a#x(t) = a#! (t, t 1)x! (t1), a # Rn

úQ! (t) = AQ! + Q! A#+ BB #

¥ Point t = t2:
"

H t
! = H !

t1
$ H (" ), where " := y(t2) ! y(t1)

x(t2) = ! (t2, t1)
" #$ %

A d

x(t1) +
! t2

t1

! (t2, s)Bdu(s)

" y =
! t2

t1

C(t)! (t, t 1)dt)
" #$ %

Cd

x(t1) +
! t2

t1

&! t2

t
C(t)! (t, s)dtB (s) + D(s)

'

" #$ %
M (s)

du(s)

x(t2) = Adx(t1) + Bdw(t1)

" y = Cdx(t1) + Ddw(t1)

&
Bd

Dd

'
(B #

d, D#
d) =

! t2

t1

&
! (t2, s)BB #! (t, s) ! (t2, s)BM (s)#

M (s)B #! (t2, s)# M (s)M (s)#

'
ds

Discrete Kalman Þlter step:

1
x! (t2) = Adx! (t1) + K d(! y ! Cdx! (t1))

K d = ( AdQ(t1)C"
d + BdD "

d)(CdQ(t1)C"
d + DdD "

d)! 1

Q(t2) = AdQ(t1)A"
d ! K d(CdQ(t1)C"

d + DdD "
d)K "

d + BdB "
d

¥ Interval (t2, t3]:
#

H t
! = H !

t1
" H (! ) " H [t2 ,t ]. Use Kalman Þlter

with initial conditions from the previous step.

#
X ! (t) #

#
X + (t) | X (t)

#
X !

E
!
X + | !

X "!$
#
X +

EX | !
X "

% &
E

!
X + |X

X
#
H = proper subspace ofH (dy) spanned by the observedy

#
H t

! :=
#
H ' H !

t (dy)
#

H t
+ :=

#
H ' H +

t (dy)

#
X ! (t) := { a"x! (t) | a ( Rn} , wherea"x! (t) = E

!
H t

"
a"x(t)

#
X + (t) := { a"øx+ (t) | a ( Rn} , wherea"øx+ (t) = E

!
H t

+
a"øx(t)

a"x! (t) = E
!

H t
"

a"x(t)

a"x+ (t) = E
!

H t
+

a"x(t)

E
!

H t
"

E
!

H t
+

smoothing estimate: öx(t)

a"öx(t) = E H (dy) a"x(t)

2

x! (t2) = Adx! (t1) + K d(! y ! Cdx! (t1))

K d = ( AdQ(t1)C"
d + BdD "

d)(CdQ(t1)C"
d + DdD "

d)! 1

Q(t2) = AdQ(t1)A"
d ! K d(CdQ(t1)C"

d + DdD "
d)K "

d + BdB "
d

¥ Interval (t2, t3]:
#

H t
! = H !

t1
" H (! ) " H [t2 ,t ]. Use Kalman Þlter

with initial conditions from the previous step.

#
X ! (t) #

#
X + (t) | X (t)

#
X !

E
!
X + | !

X "!$
#
X +

EX | !
X "

% &
E

!
X + |X

X

¥ Continue in the same way with a cascade of continuous-time
and discrete-time Kalman Þlters

øx+ (t) is determined in the same way starting in the last interval
with a backward Kalman Þlter and proceeding backwards in time.

#
H = proper subspace ofH (dy) spanned by the observedy

#
H t

! :=
#
H ' H !

t (dy)
#

H t
+ :=

#
H ' H +

t (dy)

#
X ! (t) := { a"x! (t) | a ( Rn} , wherea"x! (t) = E

!
H t

"
a"x(t)

#
X + (t) := { a"øx+ (t) | a ( Rn} , wherea"øx+ (t) = E

!
H t

+
a"øx(t)

a"x! (t) = E
!

H t
"

a"x(t)

a"x+ (t) = E
!

H t
+

a"x(t)

E
!

H t
"

E
!

H t
+

2

x! (t2) = Adx! (t1) + K d(! y ! Cdx! (t1))

K d = ( AdQ(t1)C"
d + BdD "

d)(CdQ(t1)C"
d + DdD "

d)! 1

Q(t2) = AdQ(t1)A"
d ! K d(CdQ(t1)C"

d + DdD "
d)K "

d + BdB "
d

¥ Interval (t2, t3]:
#

H t
! = H !

t1
" H (! ) " H [t2 ,t ]. Use Kalman Þlter

with initial conditions from the previous step.

#
X ! (t) #

#
X + (t) | X (t)

#
X !

E
!
X + | !

X "!$
#
X +

EX | !
X "

% &
E

!
X + |X

X

¥ Continue in the same way with a cascade of continuous-time
and discrete-time Kalman Þlters

øx+ (t) is determined in the same way starting in the last interval
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Observing dy only!

Are we observingy or dy ( úy)?

Skip the discrete-time step.

With intermittent observations, one
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We start with the case that y is observed.
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Are we observing y or dy (ẏ)?
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We start with the case that y is observed.
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Outline of talk!

¥! Reversal of the direction of time in 
stochastic systems: an new derivation by 
all-pass extension!

¥! A review of the geometry of smoothing!
¥! Forward and backward Kalman Þltering 

with intermittent observations!
¥! A symmetric balanced two-Þlter formula for 

smoothing with intermittent observations!



Geometry of Þlter fusion!
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Badawi-Lindquist-Pavon (1979)

Mayne-Fraser two-Þlter formula

1

E
!
X + (t ) a!x" (t) = E { a!x" (t)øx+ (t)} øP+ (t)" 1øx+ (t)

= a! E{ x" (t)øx+ (t)!} x+ (t)

EX (t) a!x" (t) = E{ a!x" (t)x(t)!} P(t)" 1x(t)

= a! E{ x" (t)x(t)!} øx(t) = a!P" (t)øx(t),

E
!
X + (t ) b!øx(t) = E { b!øx(t)øx+ (t)} øP+ (t)" 1øx+ (t)

= b! E{ øx(t)øx+ (t)} x+ (t) = b! øP+ (t)x+ (t),

2

E
!
X + (t ) a!x" (t) = E { a!x" (t)øx+ (t)} øP+ (t)" 1øx+ (t)

= a! E{ x" (t)øx+ (t)!} x+ (t)

EX (t) a!x" (t) = E{ a!x" (t)x(t)!} P(t)" 1x(t)

= a! E{ x" (t)x(t)!} øx(t) = a!P" (t)øx(t),

E
!
X + (t ) b!øx(t) = E { b!øx(t)øx+ (t)} øP+ (t)" 1øx+ (t)

= b! E{ øx(t)øx+ (t)} x+ (t) = b! øP+ (t)x+ (t),

(iii)

2

E
!
X + (t ) a!x" (t) = E { a!x" (t)øx+ (t)!} øP+ (t)" 1øx+ (t)

= a! E{ x" (t)øx+ (t)!} x+ (t)

EX (t) a!x" (t) = E{ a!x" (t)x(t)!} P(t)" 1x(t)

= a! E{ x" (t)x(t)!} øx(t) = a!P" (t)øx(t),

E
!
X + (t ) b!øx(t) = E { b!øx(t)øx+ (t)!} øP+ (t)" 1øx+ (t)

= b! E{ øx(t)øx+ (t)!} x+ (t) = b! øP+ (t)x+ (t),

(iii)

2

E
!
X + (t ) a!x" (t) = E { a!x" (t)øx+ (t)!} øP+ (t)" 1øx+ (t)

= a! E{ x" (t)øx+ (t)!} x+ (t)

EX (t) a!x" (t) = E{ a!x" (t)x(t)!} P(t)" 1x(t)

= a! E{ x" (t)x(t)!} øx(t) = a!P" (t)øx(t)

E
!
X + (t ) b!øx(t) = E { b!øx(t)øx+ (t)!} øP+ (t)" 1øx+ (t)

= b! E{ øx(t)øx+ (t)!} x+ (t) = b! øP+ (t)x+ (t)

(iii)

2



A balanced two-Þlter formula!
To obtain a balanced smoothing algorithm we normalize
the state process as above so that

x(t) = x̄(t) and P(t) = I n = P̄(t)

Q! (t) = I ! P ! (t) andQ̄+ (t) = I ! P̄+

1

To obtain a balanced smoothing algorithm we normalize
the state process as above so that

x(t) = øx(t) and P(t) = I n = øP(t)

Q! (t) = I ! P ! (t) and øQ+ (t) = I ! øP+

1

To obtain a balanced smoothing algorithm we normalize
the state process as above so that

x(t) = øx(t) and P(t) = I n = øP(t)

Q! (t) = I ! P! (t) and øQ+ (t) = I ! øP+

THEOREM. For every t " [0, T], we have the formula

öx(t) = Q(t)
!
Q! (t)! 1x! (t) + øQ+ (t)! 1øx+ (t)

"

for the smoothing estimate öx(t), where the estimation error

Q(t) := E
#

(x(t) ! öx(t)) ( x(t) ! öx(t)) "$

is given by
Q(t)! 1 = Q! (t)! 1 + øQ+ (t)! 1 ! I.

1

To obtain a balanced smoothing algorithm we normalize
the state process as above so that

x(t) = øx(t) and P(t) = I n = øP(t)

Q! (t) = I ! P! (t) and øQ+ (t) = I ! øP+

1

U! (t)

u(t) ! Rk y(t) ! Rm

Continuous time

Discrete time

y(t) =
! t

"#
G(t, s)u(s)ds+ D(t)u(t)

y(t) =
t"

s= "#

G(t, s)u(s) + D(t)u(t)

u(s) could be zero fors " t0

If system time invariant ,

G(t, s) = G(t # s,0)

We write G(t # s) only for simplicity.

x(t) =

#

$
$
$
%

x1(t)
x2(t)

...
xn(t)

&

'
'
'
(

state
)

x(t + 1) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t)
)

úx(t) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t)

input
output

A(t) ! Rn$ n B(t) ! Rn$ k C(t) ! Rm$ n D(t) ! Rk$ k

If the system time invariant , A, B, C, D constant matrices.
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Intermittent smoothing estimate: öx(t), where a!öx(t) = E
!
H a!x(t)

"
H =

!
"

H t
# !

"
H t

+
$ "

"
# "
X # (t) #

"
X + (t)

$
"

!
"

H t
+ !

"
H t

#
$ "

a!öx(t) = E
!
H a!x(t) = E

!
X " (t )%

!
X + (t ) a!x(t) for all a $ Rn

öx(t) = L# (t)x# (t) + øL+ (t)øx+ (t)

whereL# and øL+ are determined
by the orthogonality relations

E{ [x(t) % öx(t)]x# (t)!} = 0

E{ [x(t) % öx(t)]øx+ (t)!} = 0

E{ [x(t) % öx(t)]x# (t)!} = 0 and E{ [x(t) % öx(t)]øx+ (t)!} = 0

For this
we need:

(i) E{ x(t)x# (t)!} = P# (t) := E { x# (t)x# (t)!}

(ii) E{ øx(t)øx+ (t)!} = øP+ (t) := E { øx+ (t)øx+ (t)!}

(iii) E{ øx+ (t)x# (t)!} = øP+ (t)P# (t)

Proof.

E{ x(t)x# (t)!} = E { [x(t) %x# (t)]x# (t)!} + E { x# (t)x# (t)!} = 0 + P# (t)

which yields (i). The proof of (ii) is analogous.
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To obtain a balanced smoothing algorithm we normalize
the state process as above so that
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Q! (t) = I ! P! (t) and øQ+ (t) = I ! øP+

THEOREM. For every t " [0, T], we have the formula

öx(t) = Q(t)
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Q! (t)! 1x! (t) + øQ+ (t)! 1øx+ (t)

"

for the smoothing estimate öx(t), where the estimation error

Q(t) := E
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is given by
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L ! P! + øL+ = I
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Simulations!

true state observation forward Þlter backward Þlter smoothing es-
timate

L ! = QQ! 1

!

øL
+

= Q øQ! 1

+

Then Q = Q
�

Q! 1

! + øQ! 1

+

� Q! 1

�

Q(t)! 1 = Q! (t)! 1 + øQ
+

(t)! 1 � I

1
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!

øL+ = Q øQ! 1
+

Then Q = Q
!
Q! 1

! + øQ! 1
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Q(t)! 1 = Q! (t)! 1 + øQ+ (t)! 1 � I
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What happens in the Þrst window 
without observation?!

true forward backward smoothed

dx = A(t)x(t)dt + B (t)du, x(0) = x0 uncorrelated with du

dy = C(t)x(t)dt + D (t)du, y(0) = 0

0 t1 t2 t3 t4 T

The output process y is observed on [0, T ] except
on red intervals where there is loss of information

PROBLEM For any t 2 [0, T ], design a stable algorithm
for determining the linear least-squares estimate x̂(t)
of x(t) given the observations of the output y on [0, T ]
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true states forward backward smoothed

dx = A(t)x(t)dt + B (t)du, x(0) = x
0

uncorrelated with du

dy = C(t)x(t)dt + D (t)du, y(0) = 0

0 t
1

t
2

t
3

t
4

T

The output process y is observed on [0, T ] except
on red intervals where there is loss of information

PROBLEM For any t ! [0, T ], design a stable algorithm
for determining the linear least-squares estimate x̂(t)
of x(t) given the observations of the output y on [0, T ]
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