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Prototype problem: Smoothing
with intermittent observationd

dx = A(t)x(t)dt + B(t)du, x(0) = Xq uncorrelated with du
dy = C(t)x(t)dt+ D(t)du, vy(0)=0 E{dudu} = Idt

0 51 Lo ts Ly T

The output processy is observed on [0T] except
on red intervals where there is loss of informatior

PROBLEM For any t! |0, T], design a stable algorithm
for determining the linear least-squares estimate X(t)
of X(t) given the observations of the output y on [0, T]
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¥ Reversal of the direction of time In
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Reversing time In stochastic syster

x(t+1) = Ax(t)+ Bu(t) future white no_iseu
uncorrelated with pastx andy
y(t) = Cx(t) + Du(t)

forward systen
dx = Axdt + Bdu

dy = Cxdt + Ddu

How do we reverse the direction of time

x(t! 1) =R ) + A'Bu(t) dx = Axgt # Bdu
y(t) = CANF Du(t) dy = Cxght % Ddu

w(t! 1) = Aw(t)+ Bea(t) do=! A'edt + Bdw
y(t) = @g(t) + Foa(t) dy = @edt + Ddo
backward systen da(t) = B'x(t)dt + du(t)

past white noiseug

uncorrelated with future x and y Lindquist - Picci (1979)

Pavon (1980)



State dynamics and all-pass
extensiori

We begin with a stationary discrete-time state equatiol
X(t+1) = Ax(t) + Bu(t) Al R"" B! R"P "(p)<1
P= APA"+ BB’ E{u(u(s)} = Iyl
P = E{x()x(1)} > O rank B, AB, ...A™1B =n

Normalizing state transformation: " = P#2x
"(t+1)= F"(t)+ Gu(t) F=P*zAP:
FF'+ GG = I, G=P*:B

Embed [F, G] as part of an orthogonal matrix

™ Y
F G
U= | | uu'=UluU=1,,,



D)
G
b Uu' = UlU=1,,,

Debne transfer functionU (z) := H(zl," F) G+ J of

F"(t) + Gu(t) u o
(t) = H"(t) + Ju(t) 1 U(2) |

all-pass Pltel

U(z)U%z) = U®2)U(z) = | :
’ ‘ E{a(t)a(s) } = I, s

U%z) := U(*Y

I(t+1) | _ (1) L@ | _ | 1(+1)
(1) ]‘“[u(t)] - [u(t)]'“[ a(t) ]

()= F1(t+1)+ Ha(t)
- I > o ..
U (Z) u(t) = G!'(t+1)+ Ja(t)




U(z)= Bzl " A¥B + J x(t+1) = AX(t) + Bu(t)
®o— ptiy” ‘ B(t) = Bx(t)+ Ju(t)

" " " B(t! 1) = Aw(t) + Ba(t)
U@t =B, AY B+ u(t) = Be(t) + J'a(t)

() = P#1X(t+1)L/ B(t) = " (A" (D) Bigyk)

E{®(t)a(s)} =0 for all s" t ' k=t+1

forward systen backward systen

X(t+1) = Ax(t) + Bu(t) h o(t! 1) = A'g(t) + Ba(t)
y(t) = Cx(t) + Du(t) y(t) = @w(t) + Foa(t)

@:= CPA + DB’
¥ := CPE®+ DJ



Next we consider a continuous-time stationary state equatic
dx = Axdt + Bdu E{dudu!} = | ,dt
AP + PA'+ BB'=0 P := E{x(t)x(t)}

State transformation d! (t) = FI(t)dt+ Gdu(t)

| = P" 2x - F+F'+GG =0
Find a completionda = H! (t)dt + Jdu so that
U(s):= H(sl,! F) 'G+J
is all-pass, i.e.,U(s)U(! s)' = U(! s)'U(s) = I,.
U(S)U(! 8)'=JJ"+ H(sl,! F) Y(GJ'+ H)YJG' + H)(! sl,! FY) H'

J=|
L ) UEU(CY =,



di (t) = F1(t)dt + Gdu(t)
da(t) = | G'I (t)dt + du(t) d

F=1!F'l GG

U(s)= B'(sl,! A) 'B+ 1,

¥:=P :H'=P" !B

-

U(s)* = Bi(sl, + A) 1B+ I, 7

forward systen

dx = Axdt + Bdu
dy = Cxdt + Ddu

w(t) = P x(t)

=)

di(t) = ! F'I(t)dt+ Gde(t)
du(t) = G'l(t)dt + de(t)

dx(t) = Ax(t)dt + Bdu(t)
da(t) = B'x(t)dt+ du(t)

de(t) = | A'w(t)dt + Bda(t)
du(t) = B'e(t)dt + de(t)

backward systen
do=! A'edt + Bdo
dy = @edt + Ddo
@=CP + DB’

A. Lindquist and G. Picci (1979) by di erent method

M. Pavon (1980



Finally, we consider a continuous-time non-stationar:
state equation on a bnite interval [OT]

dx = A(t)x(t)dt + B(t)du Bl= AP + PA + BB'

(t) = P(1) 2x(t) ) d = F()!(H)dt+ G(t)du

E{! () ()} = I, F(t)= P(t) ZAM)P ()7 + R(t)
1 G() = P(t) 2:10

d 1 1
F(t)+ F (1) + G()G(t) =0 '\ R = 4Pz P():
de(t) = F(De(t)dt + G(t)du(t) de(t) = —F(tYE(t)dt + G(t)da(t)

da(t) = —G(t)'&(t)dt + du(t) - du(t)

= G(t)'&(t)dt + du(t)
forward systen ” backward systen
dx = A(t)x(t)dt + B(t)du do= ! A(t)'»(t)dt + B(t)do

dy = C(t)x(t)dt+ D(t)du dy = @(t)(t)dt + D(t)dw
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Geometry of linear stochastic
systems: review of selected topics

minimal forward system minimal backward system
dx = A(t)x(t)dt + B(t)du “ de=! A(t)'»(t)dt + B(t)dw
dy = C(t)x(t)dt + D(t)du dy = @(t)»(t)dt + D(t)da

For the moment suppose observations gfis available
on the whole interval [Q T].

H := H(du) = Hilbert space spanned by the increments of the
components ofu with inner product !! ,"" .= E{!" }

H(de) = H = H(du)

H i, 1,1(dy) = the (closed) subspace generated by the components
the increments of the observation processover the window [, t5]

H, (dy) := H4(dy) H(dy) := H.r(dy)



X(t) = {d'zx(t) | a e R"} = {d'&(t) | a € R"}

X_(t):=={dz_(t) | a € R"} = EH @) X(¢)
where a’z_(t) := E™t (%) ¢/g(t) generated by the Kalman filter
de_ = A(t)x_(t)dt + K_(t) |dy(t) — C(t)x_(t)dt], x_(0)=0
K_=(Q_C'+BD)R™!
Q_-(t)=AQ_+Q_A — K_RK' +BB, Q_(0)= P(0)
R(t):=D(t)D(t) >0
X, (1) = {d'7.(t) | a € R"} = EB (@) X ()

where a'Z, (t) := EH () ¢ T(t) is given by the backward Kalman filter
diy = —A(t) Ty (t)dt + K (t) [dy(t) — C(t)z4(t)dt] , T(T)=0
K =(Q:C"+ BD)R™"
O.(f) = —AQ, ~ QA+ K,RK, ~ BB, Q,(T)=P(T)"



X_(t) L X4 () | X(2) X (t) minimal splitting subspace

 §

(a0 —EXW o, g - EXVU3) =0, forallae X_(t),8 e X, (t)
X _(t) and X, (¢) also minimal splitting subspaces

forward Kalman blter corresponding backward syste

dr_ = A(t)z_(t)dt + B_du_ de = #A(t) w (t)dt + B da
dy = C(t)x_(t)dt + D(t)du_ h dy = &(t)® (t)dt+ D(t)dwa

backward Kalman bltel corresponding forward syste!

de, = #A(t) & (t)dt + B, de ” dx, = A(t)x. (t)dt + B, du,
dy = @(t)®. (t)dt + D(t)da; dy = C(t)x, (t)dt + D(t)du,

N[

B_(t) := K_(t)R(t)~ B, (1) = K. ()R(1)' 2



The geometry of smoothingd

>

0 H! (dy) : Hrdy) T
H(dy) = H[o,T](dY)

smoothing estimate: Z(t) a'B(t) = EHW) g'2(8)

H(dy) = H; (dy)! Hf(dy)* " HL " "H;(dy)! H; (dy)*

whereH; = X. (t) # X, (t) frame space

LEMMA. a'%(t) = E¥* ax(t) for all a € R"

‘ B(t) = Mx- (t) + Myx, (t) for some matricesM, and M5

‘ Mayne-Fraser two-plter formulé Badawi-Lindquist-Pavon (1979)



Outline of talk

¥ Reversal of the direction of time In
stochastic systems: an new derivation by
all-pass extension!

¥ A review of the geometry of smoothing!

¥ Forward and backward Kalman bltering
with intermittent observations!

¥ A symmetric balanced two-pPlter formula for
smoothing with intermittent observations!



Two different problem formulationd

. . . I ; >
0 t1 1:2 t3 1:4 T

dx = A(t)x(t)dt + B(t)du
dy = C(t)x(t)dt+ D(t)du

Are we observingy or dy (y)?

With intermittent observations, one
obtains di! erent bltering estimates.

We start with the case thaty is observed.



Geometry for intermittent
observationd

0 1£1 1I:2 1;3 1I:4 T
|i| = proper subspace oH (dy) spanned by the observey
H{ == H! H; (dy) H = H ! H{(dy)

X- (t) = {a% () [a" R"}, wherea’- (t)=E"i a(t)

>!<+(t) = {aw, (t)|a" R"}, wherea, (t)=E Hi a’w(t)

X! X+ X0 4 5 %



Filtering with intermittent
observationd

x(t) = ! (t,s)x(s)+ ! (t,1)B(!)du(')
s

y()=y(s)+  C)x()d +u(t)! u(s)

S

Determine x, (t)

0 51 Lo ts Ly T
¥ Interval [O,t,]: x; (t) given by the regular Kalman blter
¥ Interval [ti,tp): Hi = H (dy). SetK, " 0in Kalman blter

a%, ()= EMt ax(t) = at (t,t)x (t;), a#R"

@ (t) = AQ, + Q, A*+ BB*



0 1:1 t2 t3 1:4 T

¥ Point t=ty H = H $H("), where" = y(tz) ! y(t1)

Fty
X(t2) = !.itﬁ$t_13/o<(t1)+ . I (t2,5)Bdu(s)
1 L, &l
Ty= C()! (4 ty)dt) X(ty) + C()! (t,s)dtB(s) + D(s) du(s)
"l #% % o 1 #% %
Cq M (s)

X(t2) = Agx(t1) + Bgw(ty)
‘ "y = Cgx(t1) + Dgw(ts)

270 (t,,5)BBH (t,8) ! (ty, S)BM (s)*
M (s)B# (t,,8)* M (S)M (s)*

D, ds

(Bg, Dg) =

t1



l l | l | I >
0 51 Lo ts ¥ T

X(t2) = AgX(ty) + Bgw(ty)
"y = Cgx(t1) + Dgw(ts)

Discrete Kalman Plter step

X; (t2) = Agxi (t) + Kg(! y! Cax; (t1))
Ka = (AgQ(t1)Cy + BgDg)(CyQ(t1)Cy+ DgDy)' *
Q(tz2) = AdQ(t1)Ag! Ka(CaQ(t1)Cq+ DaDg)K ¢+ ByBy
¥ Interval (tp, ts]: Iflt! = Hy, " H(! )" Hp,y- Use Kalman Plter
with initial conditions from the previous step.
¥ Continue in the same way with a cascade of continuous-tir

and discrete-time Kalman blters

w, (1) is determined in the same way starting in the last interval
with a backward Kalman blter and proceeding backwards in tim



Observing dy only

0 81 Lo ts ¥
Skip the discrete-time step.

O

¥Interval [0,t;]: Hi = Hpy

O

¥ Interval [ty,t2]: H =Hpoyy

¥Interval [to,t3]: He =Hoey! Hi

etc.
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Geometry of Plter fusior

Intermittent smoothing estimate: %¥(t), where a'®(t) = EH a'x(t)

v Yy & ¢ TR
#$ n J + I H##$
: t

H= H{! H{ Xa(t)# X+(1) " H,

a%(t) = EH ax(t) = EX 0%+ gy (t) forall a$ R"

) X(t) = Ly ()% (1) + La (D% (1)

whereL, and &, are determinec | E{[x(t) %®(t)]xx (1)} =0
by the orthogonality relations E{[x(t) %®(t)]®, (t)'} =0

For this LEMMA. () E{x(t)x#(1)'} = Px(t) := E {Xs ()X« (1)}
we need

(i) E{w(t)w®, (1)'} = P_(t) = E{w=, ()&, (1)}
(i) E{m, ()xs (1)'} = P, ()Ps (1)




LEMMA. (i) E{x(t)xs (1)'} = Pa (t) 1= E{Xs ()X (1)}
(i) E{w(t)m, (t)'} = P, (t) := E{m (). (1)}
(i) E{m@ (t)xx(1)'} = B (t)Py4 (1)

Proof.
E{x(t)xs (1)} = E{[X(t) %oxs (t)]Xa (1)} + E{Xs (t)Xs ()} =0+ Py (t)

which yields (i). The proof of (ii) is analogous

EX+ (O gly, (t) = E{a'x- (t)®, (1)}, (1) 1w, (1) Xn # - X +
= a E{x- (), (1)} x4 (1) £x |, "$ % e
EXW g'x. (1) = E{a'x- ()x(t)'IP(t)" x(t) X

= a E{x- (1)x(t)'}m(t) = a'P- (t)®(t)

EX+ O H(t) = E {0a(t)®, (1)} 9, ()" 1w, (1)
= b E{®(t)®, (1)'}x, (t) = b, (t)x, (t)



A balanced two-pblter formuld

To obtain a balanced smoothing algorithm we normalize
the state process as above so that

x(t)= &(t) and P(t)= I, = ()

Q (t): | 1 P (t) and @+(t): | | |ﬂ+(t)

THEOREM. For everyt" [0, T], we have the formula
B0 = Q) Q (' % (1 + @) B ()
for the smoothing estimatex{t), where the estimation error
Q(t) :=E #(X(t)! B(t)) (x(t) ! 1i<'>(t))"$

IS given by

Q) 1= Q, (1) T+ @, (1) 11 1.




Proof.  X(t) =Ly (1)Xg (1) + L+ (t)X4 (1)

Lemma

E{[x(t) %%(t)]xx (1)} = 0 N P! L,P ! B.BP =0
E{[x(t) %%(1)]®: (1)} = 0 9.1 L, PP B8 =0

P;) L, + 2.0 =| PI:I'I Q L!+|_ﬁ+!|:|g+@+
g >0 LPTEEL g g LTEIISLO

Q=E{(x! ®)x}=1! L P | B, L =QQ*
=L, + 8,1 | o AR PR

—

Q=Q Q'+ @' Q'
) Q)'l=Q M '+@ @ !




Simulationd

true state

observatior

forward filter

backward Plte

smoothing
estimate




What happens in the brst window
without observation

true states forward backward smoothec



