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from Te to GnRH
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e GhRH —
gonadropin-releasing hormone
(pulses), hypothalamus

@ LH — luteinizing hormone,
hypophysis
@ Te — testosterone, testes

Delays:
@ GnRH-LH — 3 min
@ LH-Te — 5 min
@ Te-GnRH — 3 min
@ Te release — 25 min

(Data from: M. Cartwright and M. Husain,
1986)
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System identification

Given measured LH and Te concentration
@ determine the half-life times of all hormones,
@ estimate the parameters of the nonlinear and delayed function

D,

o determine the timing and weights of the GnRH-pulses.
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man (red). Estimated GnRH and simulated LH (blue)
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Figure: Simulation of LH (upper
plot) and Te (lower plot) in the
closed-loop system (noise added to

simulated Te). Circadian rhythm is
not part of the model
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Goodwin oscillator and Smith model

Goodwin oscillator is a generic mathematical model proposed by Goodwin
[1965] to describe oscillatory phenomena in biochemistry.

Goodwin oscillator (continuous) with time delay

z=—-bix+ f(2), y=—-by+giz, 2Z=—baz+ g2y(t — 7).

where z, y, z are the states, f(-) is a nonlinear function, and b1, b2, b3, g1,
g2, T are positive parameters.

@ The Goodwin oscillator was adopted in Smith [1980] (with delay
[1983]) to describe periodic behaviors in endocrine systems (Smith
model).

B. C. Goodwin. Oscillatory behavior in enzymatic control processes. In G. Weber, editor,
Advances of Enzime Regulation, v.3, pp. 425438. Pergamon, Oxford, 1965.

W. R. Smith. Hypothalamic regulation of pituitary secretion of lutheinizing hormone:
Feedback control of gonadotropin secretion. Bull. Math. Biol., 42:5778, 1980.
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Impulsive time-delay Smith model

Te regulation

Continuous part

Consider an impulsive time delay system
T =—-biz, Y= —bay+giz, %= —baz+ goy(t— 7). (1)

where z, y, z are the concentrations of GnRH, LH and Te, respectively, and by, ba, bs, g1,
g2, T are positive parameters.

Discrete part

The GnRH concentration x(t) undergoes jumps at the time instants t:

T(t;)zr(t;)Jr)\k, tht1 = tx + Tk, k=0,1,2,.., (2)

where
Ak = F(z(tk)), Tk = ®(2(tr)), (3)

F(-), ®(-) are the that are positive and bounded amplitude and frequency modulation
functions, F'(-) is decreasing and ®(-) is increasing. The superscripts “+" denote the
left-side and the right-side limits, respectively. Without the loss of generality ¢ty = 0.
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Modeling

@ An impulsive delay-free model similar to the Goodwin—Smith hormonal oscillator :
Automatica, 2009.

@ An impulsive model with a "small” time delay, FD-reducibility: Proc. CDC, 2012.
Journal version: IEEE Trans. Autom. Contr., March, 2014.

@ An impulsive model with a "large” time delay: Automatica, June, 2014; ECC 2014;
IFAC WC 2014.
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@ Time delay estimation from impulse response: Automatica, 2012.

@ Computational Models in Life Sciences, Sydney, Australia, November 2013; Book
chapter in "Signal and Image Analysis for Biomedical and Life Sciences”, Springer,
2014.
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@ Observer for the impulsive delay-free model: Automatica, 2011.

@ Observer for the impulsive time-delay model: Proc. MTNS, July, 2014.
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Overview of
results

Definition

Time-delay linear system (4) is called finite-dimension reducible

—— (FD-reducible) if there exists a constant matrix D € RP*? such that

Gooduin any solution z(t) of (4) defined for t > 0 satisfies the linear
differential equation
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system structure

Te regulation

Summary d
X

— =Dz for t>T.

dt
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e
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regulation G, (A) = K(S)eiAS ds.

Alexander 0

Medvedev
Theorem

Goodwin FD-reducibility is equivalent to any of the statements (i), (ii):

oscillator and . . - o
Smith model (i) The matrix coefficients satisfy
Time delays

Overview of A1AEAL =0 forall k=0,1,...,p—1.

results

Endocrinology

Time-delay
system structure

(i) There exists an invertible p x p matrix S such that

Impulsive
Goodwin

- U 0 0 0
oscillator _1 o 1 _ | Y
Te regulation S AOS o |:W V:| ’ S AlS - |:W O:| ’
Summary

where U, V are square and the sizes of W and W are equal.
Moreover, D = Ay + A1G(Ay).
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Time-delay impulsive Goodwin oscillator

System equations

Consider a generalization for z(t) € RP of the impulsive time-delay
Goodwin-Smith model:

v _ Aoz (t) + Az (1), y=Cuz,

dt .
z-(t) = /o K(s)x(t — s)ds,

thrr =ta + T 2(ty) = 2(ty) + AB,
Tn = ®(y(tn)), An = F(y(tn)).

Here to = 0, B is a column and C'is a row such that CB = 0. Let
the functions ®(-), F'(-) be continuously differentiable and satisfy

0<® <O() <Py, 0<HIKF()<SF, infd(y)>r1
Y

for some constants ®;, F;,7 =1, 2.
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Time-delay impulsive Goodwin oscillator

Impulse-to-impulse map Q(+)

Introduce the notation z,, = x(t,, ).

Theore

Assume that G (Ao) is nonsingular and the continuous part of the system is FD-reducible.
Then any solution x(t) satisfies for n > 1 the recursion

Znt1 = Q(Zn), (5)

where
Q) = e22(E) [gc | F(Cz) G- (D) GT(AO)’IB]. (6)

The initial values T, T1 are defined by the initial function ¢(t) as follows
o = $(0), &1 =eP T a(7),
where z(7) can be computed by solving the linear equation

% — A(®)z(t) + As /tT K(s)(t — 5) ds )

for 0 <t < 7 with 2(0) = Zo + Ao B, A(t) = Ao + A [§ K(s)e” A0°ds.
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0

Alexander
Medvedev
can be seen as a pseudo-differential operator acting on the

Endocrinology . .
continuous state vector z(t) In Laplace domain

Goodwin
oscillator and

Smith model X, (8) =p-(s)X(s),

Time delays

e where the pseudo-differential operator is given by its symbol (the

results

i transfer function)

system structure

Impulsive
Goodwin
oscillator

pr(s) = /OT K(0)e™% ap.

Te regulation

ST Now, it is apparent that the following equality holds

GT(A) = p‘r(s)|s:A
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Time-delay impulsive Goodwin oscillator

Relation to pseudo-differential operators: pointwise time delay

For a similar impulsive system with a pointwise delay

d
£ = Aox(t) + Arz(t — 1),

the discrete impulse-to-impulse map takes the form

Qx) = eD2(Ca) [m + F(Cx) e_DTeAOTB],

with b = Ay + AleiAoT.

This is can be readily derived from (6) as a special case with the
transfer function for the pointwise delay, i.e.

737"
s=

pr(s)=e A=e AT
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the discrete impulse-to-impulse map takes the form
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Goodwin N N
oscillator and Q(LU) _ eD<I>(Ca:) |:1, + F(Cl) e—D‘rer'rB]’

Smith model

Time delays

Overview of Wlth b — AO +A1e7A07—.

results

Time-dela o« » . . . .
system structure This is can be readily derived from (6) as a special case with the
transfer function for the pointwise delay, i.e.

Impulsive
Goodwin
oscillator

Te regulation Pr (S) =€

Summary

737"
s=

4= efA‘r.

@ The result applies to a broad class of pseudo-differential
operators
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Time-delay impulsive Goodwin oscillator
Solutions of the hybrid system

Any solution z(t) of impulsive Goodwin oscillator (5) corresponds to
a sequence (Zp,t,), n=0,1,....

Consider the converse problem.

Proposition

Consider a sequence (Z,,t,), n=0,1,..., such that t, = 0 and
(8)

where Q(-) is given by (6). Then a solution xz(t) satisfying (5) and
such that z(t;,) = Z,, n = 0,1, ..., can be uniquely reconstructed
for all t > . As for the continuation of the solution x(t) to the
interval (0, 7), the knowledge of the initial function ¢(t),

—7 <t <0, is required.

thrl = tn + (b(cjn); -fnJrl = Q(i'n)
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Alexander

Medvedev

Tpr1 = Q(Tr), k=0,1,....m—1,

Endocrinology

Goodwin _ _ — —

oscillator and where LTm = L0y Tm+1 — T1-

Smith model

Time delays Lem ma

Overview of Suppose that a sequence {Z} is m-periodic. Then there exists an

initial function ¢(t), —7 < t < 0, such that the solution x(t) with the
initial condition x(t) = p(t), —7 < t < 0, is T-periodic with

Time-delay
system structure
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Goodwin
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T=To+T1+...+Tn_1, Tk:q)(ka)

Te regulation

Summary

and satisfies x(t,, ) = Z, k =0,.. ..
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Impulsive Goodwin oscillator

Periodic solutions

Let Z,, = x(t,,), where x(t) is a solution of the impulsive (hybrid)
system.

The sequence {Z} is an m-periodic solution (m-cycle) if
jk:-‘rl:Q(fk)v k:()vla"'am*lv

where T, = To, Tm4+1 = T1.

Lemma

Suppose that a sequence {Z} is m-periodic. Then there exists an
initial function ¢(t), —7 < t < 0, such that the solution x(t) with the
initial condition x(t) = p(t), —7 < t < 0, is T-periodic with

T=To+T1+...+Tn_1, Tk:q)(ka)

and satisfies x(t,, ) = Z, k =0,.. ..
Piecewise continuous initial functions have to be considered for the
case of large delays.
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Simulations
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Figure: Simulated 2-cycle of the Smith Te model
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’ Figure: Simulated chaotic solution of the Smith Te model
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Te regulation

Mathematical model: continuous part

d%‘l dmg

7t 1, 2Z2 + g1%1,
d

723 = —box3 + gawa - (1).

T, (t) = /OT K(0)xo(t —0)ds, K(0)=e /B,

where a > 0, 8 > 0. For normalization:

T a8 T, a =0,
v /0 © 1—-e )/ a, aa>0

Here 21 is the concentration of GnRH, 25 is the concentration of
LH, and z3 is the concentration of Te. The values b;, i = 1,2,3
correspond to the half-life time of GnRH, LH and Te b; = 0.4,

b2 == 001, b3 == 0046, g1 = 2, go = 4.
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ot} =21(ty) + Any tngr =ty + T,

Endocrinology

o = Flaa(tn)), T = B(oalta)), ©
Time delays
Overview of (y/h)p /€4
D(y) =k + hky———, F(y) =ks+——,
' R A e 70

Time-delay
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s Parameters k1 = 50, ko = 220, k3 = 1.5, k4 = 5,h = 100, p = 4.
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oscillator

Small delays: inf, ®(y) > 7, inf, ®(y) = 50.
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Summary
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Fig. 1. Two-parameter bifurcation diagram in the parameter plane (7, by ). Here N is a Neimark-Sacker bifurcation curve.

Ny and N3 are the saddle-node bifurcation curves. The curves N, and N3i™ are supported by the point Py of codimension
two. I1] 7 and I11 o are the domains of existence for the 1-cycles. 1 : 3 s the period-3 resonance tongue. Regions with
quasiperiodic and chaotic dynamics are indicated by Ioo- Iy 1 M I11 g and Moo N II; 1 denote regions of multistability.

Te regulation

Summary y

Department of Information Technology



UPPSALA
UNIVERSITET

Pointwise and
distributed delays
in impulsive
models of
endocrine
regulation

Alexander

Medvedev
Endocrinology
Goodwin
oscillator and
Smith model

Time delays

Overview of
results

Time-delay
system structure

Impulsive
Goodwin
oscillator

Te regulation

Summary

Te regulation

Bistability and hysteretic transitions

by =0.044

H(z7)=0

\

0.0 -
120.0 88.0 T T @

T2 97.0

Fig. 2. (a) Bifurcation diagram in the parameter plane (7, by ). (b) Bifurcation diagram for b; = 0.044 along the direction A
in (a). Two stable 1-cycles of different types coexist (bistability). This coexistence can give rise to hysteretic transitions on the

boundaries N and N of the region TT1 1 M IIq 5. Here 71 and To are the saddle-node bifurcation points. Q1 is the
stable fixed point in €21, 2o (green line) is the stable fixed point of another type Qo € 24 and Qs is the saddle period-1

cydle (Qs € €271). The blue dashed line: H(z,7) = ®(z) — 7 = 0

@ For 0 < 7 < 71, the mapping @ has a single stable fixed point Q1 (1-cycle).

@ The 1-cycle @1 undergoes a saddle-node bifurcation at 7 = 75 in which the stable

node 1-cycle Q1 merges with a saddle 1-cycle Qs € €21 and disappears.

@ The saddle cycle Q can be followed backwards in the bifurcation diagram (black
dashed curve) to a point 7 = 71, where it undergoes a second saddle-node bifurcation,

and a new stable 1-cycle is born.
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