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Introduction

Guidance is the process of modifying the trajectory of a vehicle
iIn motion in order to reach a pre-specified target. The target is,
in the most general sense, a set of states (position, velocity)
either fixed in time or time varying.

Classical guidance laws
* Attitude/velocity pursuit (Pure Pursuit)
* Command-to-Line-of Sight / Beam Rider
* Proportional Navigation (Parallel Navigation)
* Optimal control based guidance

All these guidance laws are one-on-one
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Introduction

Motivation for cooperative guidance
* Saturate the target’s defenses (e.g. using a salvo attack)

* Limit the target’s evasive possibilities (e.g. by controlling the
relative geometry)

* Lure the target to a trap
Potentially two possible modes of cooperative guidance:

* |Implicit cooperation - some coordination parameter between
vehicles (e.g. intercept target from pre-specified angels or
at pre-specified time)

* Explicit cooperation - optimizing team performance criteria
(e.g. enforcing relative geometry in-between missile team or
simultaneous interception)

* Explicit cooperation can yield better performance (e.g. by
considering intrinsic relationships between team members)

Cooperative Optimal Missile Guidance Laws — p. 3/47



Introduction (contd.)
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Introduction - related literature

Intercept angle guidance

* PN based laws (Kim et al., Ratnoo & Ghose, etc.)

* Optimal guidance laws (Ryoo et al., Idan et al., etc.)

* Maneuvering target (Shima)

* Differential Games laws (Shaferman & Shima)
Cooperative guidance laws

* Differential games (Hagedorn & Breakwell, etc.)

* Simultaneous arrival (Lee et al., Meyer et al.)
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Mathematical Model - planar engagement geometry
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Mathematical Model - non linear EOM

pi = Vi (1a)
A = Vai/pi (1b)
Yr = ar/Vr (1c)
ar = (ur — ar)/Tr (1d)
where
Vi = — [Vrcos(yr + Ai) + Vicos(yi — Ai)] (2a)
Vi = Vpsin(yr + A;) — V;sin(y; — ) (2b)

Once collision triangle i is reached and maintained then V; is
constant and interception time can be assumed fixed:

tri = —pio/ Vi (3)
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Mathematical Model - non linear EOM (contd.)

Each missile’s dynamics and acceleration (dim(y;) = [):

¥i = Ay + By, (4a)
Yi = a;/V; (4b)
a; = GCy;+ Dy, (4c)

The missiles’ internal states, accelerations, and controls are:

wn=|yl ul .oyl 5)
am:[al B an}T (6)

um:[ul W un]T (7)
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Mathematical Model - linearized EOM
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Mathematical Model - linearized EOM

The state vector of the cooperative linearized problem is
T
wz[wlT Ty @ G aT} (8)

where x; is a vector of the n separations between the n missiles
and the target, relative to LO S

3312[51 S .. & }T (9)

and x» is its derivative. x., is a vector of the respective flight
path angles

T
mv:{WTJr% uileinka - N 7T+%} (10)

dim () =n(3+1) + 1
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Mathematical Model - linearized EOM (contd.)

The equations of motion are

(.
r1 = I2

d32 — ETa'T — Emam
=4 x,=Frar+Fnan (11)
T, = A, x,., + B, u,

ar = (ur —ar)/Tr

\

Matrix form of the equation set

r = Ax + Bu,, + Cur (12)
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Optimization Problem - explicit cooperation

Ordered interception times
tfn = ... =2 tra 2 tg1 (13)
Cost function (explicit)

B

J = SEE (1) + o+ R (pn) + S 1 (E1) — B2(tg2) — Aea]? (14

2

Bn—l
+... + 9 [wfy(n—l)(tf(n—l)) - Can(tfn) - Ac(n—l)

1 [t I
+= / miutdt + ... + = / n2u’ dt
2 Jo 2 Jo

]2

where the weights «;, 3;, & 7; are non-negative. x; = yr + i
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Optimization Problem - implicit cooperation

Example for implicit cost function

1 n
J:§;Ji (15)

where
tfi
Ji = a2t ) + Bililtse) — vr(tss) — Acif? + / 2uldt (16)
0

In such an engagement each missile will be guided using the
appropriate 1-on-1 guidance law, which for this case is that of
[Shaferman & Shima, AIAA Journal of Guidance, Control, and
Dynamics, 2008] .
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Optimization Problem - order reduction

One sided order reduction
ty
Z(t) =D®(ts,t)x(t) + D/ ®(tr, 7)Curdr (17)
t

The time derivative of the new state Z(t) is

Z =D[®(t;,t)x + ®(ts,t)2] — DB®(t7,t)Cur = D®(t4,1)Buy,
(18)
Zero effort miss of missile 1 (Z;) is obtained for

D:Dgz[l 0 0 [0 o] (19)
Zero effort angle (ZEA) of missile 1 (Z,,1.1) is obtained for

D:D,y:[o 0 1 [0 0} (20)
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Optimization Problem - order reduction (contd.)

B

o) i,
J = %Z%(tfl) ot jzi(tfn) + 5 [ Zna1(tr1) = Znaa(tya) = Al (1)
B
tooo+ T Zon 1 (E 1)) — Zon(tfn) — Dgin1)?

2

Missile i ceases to exist for ¢ > t;. Therefore u; = 0 fort¢ > ty,

B

o) U,
J = %Z%(tfn) + .t 722(75]%) + 7[Zn+1(tfn) — Znya2(tpn) — Aal® (22)
Brn—
o o [Zan-1(tn) = Zon(tn) = Degn)?

1 o 1 i
+= / niutdt + ... + = / n2u? dt
2 0 2 0 |
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Optimal Cooperative Law - Derivation

The Hamiltonian of the problem is

1 : : .
H = §(n%u%+n§u§+...+niui)+Zl>\z1+Zz>\z2+...+22n>\z2n (23)

Time derivative of zero effort variables is state independent,
simplifying considerably the adjoint equations. Resulting with

Az, (t) — CkiZi(tfn)a 1€ {17 7”} (24a)

Moy = AZnii(ty,) , i€{l,.on—1},) X, =0
1 j=1

(24b)

1
Bi &

where the relative ¢ & ¢ 4+ 1 angular error at intercept is

Bis(C ) = Zpad i) = Zapsaalop, ) = Bgg (25)
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Optimal Cooperative Law - Derivation

The reduced order dynamics associated with the :-th missile is
(Eq. (18))

; i )y — (0 ,
7() _ { Zi = D§<I>( )(tgoi)B( Ju; = Pe (tgo: ) ui (26)

Zn+i — D’Y(I)(Z) (thZ)B(Z)uZ — 90’(77/) (tQOz')ui

Therefore, the optimal controllers for the missiles, which satisfy
uf =argmin H, i€ {1,2,...,n} are

Uj

1 0Z; 1
t) = ——5 )\z t J = ——= . (Z) o p (Z) o
ui(t) =~ j§:1: (O ==z P02 (o) + her (06 ()

Cooperative Optimal Missile Guidance Laws — p. 20/47



Optimal Cooperative Law - Derivation

Substituting Eq. (27) into Eq. (26) and integrating from ¢ to ¢+,
yields the following 2n coupled algebraic equations for
ie{l,...,n}
Zilts,) = Zilts,) = Zot) = MaXgd (bgos) = NawiXey (bgor) (2820
ol ) = Zhop ) = et l(6) = ) = 2o
(28b)

where
i 1 [fooi i .
Xél) (tgoi) — _2 /0 905 )(tgo)QOl( )(tQO)dtgo y .]7l € {57 ’7} (29)

There are therefore 4n coupled linear equations with 4n
unknowns Z’i(tfn)a Zn—H’(tfn)a Aiy Anti, 1©E {1, ey n}
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Optimal Cooperative Law - Derivation

Closed form solution obtained for any team size n

1

Ay, =
n+1 \Ijl o T(l) (t901)

where

\Ijj (t90j+17t90j+27 "t tgon) — <

\

n—1

T (¢) + Z ) () H

Jj=2

J

p=2

( (\pj+1_T(j+1))_\pj+1’r(j+l)

v

1) (t g0, )
J TG) (tgoj)
(30)

Bi(Vjp1—TUFD)

1_5n—1T(n)
Bn—l

) jE {n_l}
(31)

The rest of the co-states )\, , solved by an iterative process

B 1 1

)\Zn—|—i+1 T(7/+1) (tQOi—i—l)

, 7€{1,...,n — 2}

(32)
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Optimal Cooperative Law - Derivation

Substituting and rearranging the optimal controller of the i-th
missile is

’n,NU

12

_ goZ go;

(33)

It is linear with the ZEM variables and the relative ZEAE
variables between consecutive missiles

When the relative geometry between the missiles is not imposed
(8; — 0), the solution is reduced to n decoupled guidance laws

(4)
— O toi Zz't
; (8) = Fe oo ) 20 , t€0,ty] , i€{l,..,n}

n; [1 +04z'Xézg)(tgoi)

n—1
Z; S ,
E Zi( )+E NA@ZnHt—AZnﬂ(t), te[0,t],i €{1,..
j=1

(34)
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Optimal Cooperative Law - Properties

Imposing perfect intercept and intercept angle («;, 5; — oo, Vi)

| _ _
N KA NP N
~ . ? e
| X T Ane = Xéf)
W = G 6 @ O] xk _
7 7 1 7 k)12
- e —xgdel | AW, ki
| X YA
SNONOCENONG
[Xffﬁ% — Xeg }tgoi - L k<
PXETOALY; = TO |
Nu =
AZ, < B {X(z) (2)  (4) (Z)}t n
evPe T Xeg P | boos L k> g
\ TXe XAV S T
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Optimal Cooperative Law - Properties

Imposing perfect intercept and intercept angle («;, 5; — oo, Vi)

| _ _
N KA NP N
~ . ? e
| X T Ane = Xéf)
W = G 6 @ O] xk _
7 7 1 7 k)12
- e —xgdel | AW, ki
| X YA
SNONOCENONG
[Xffﬁ% — Xeg }tgoi - L k<
PXETOALY; = TO |
Nu =
AZ, < B {X(z) (2)  (4) (Z)}t n
evPe T Xeg P | boos L k> g
\ TXe XAV S T
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Optimal Cooperative Law - Properties

Assuming identical closed-loop dynamics for all team members
we obtain

SOEZ) (tgo) — kﬁ&g (tQO) , P (tgo) — Dg‘I)( )]_3 (35a)
90’@ (tQO) — ‘P’y(tQO)/Vz’ : Qp’y<tgo> =D i’( ) (35b)

where ®(t,,) and B are the transition and control matrices, and

2
(4) k; (4) L (4) o
t — t t o) — T & t o) t o) —— T A _ _a t o)
ng( go) = nzxﬁf( 0); ngy( g0) mzvixf’y( go)s X+4(tgo) m_QVZ_QX’Y’Y( go)
(36)

Xee (tgo), Xevy(tgo), @Nd x4+ (t40) are

i
le(tQO) — /O SOJ (T)SOZ(T)dT ) jal € {577} (37)
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Optimal Cooperative Law - Properties

This yields

U;
NZk —

/

\

n 2,2 2.2
(Xevpe — Xeey) Xertoo (Zj:l Vimg =V, 7775) B Petao

kiXee (ngy - vayX&&) Z?:l ‘/}277]2’
— (XevPe — Xeewy) Xevtao  ViVin?

n 2,2
Kixee (X?7 — vangg) 2 j=1 Vi ;

( 2

(X£790€ Xee#r) tgo Zy 1 J
(ngy XyyXee) Zj—l V'2 '

2
— (XerPe — XeetPy) tgo Djm k+1V

k=1
KiXee
k£
(38)
L k<1
k>

L O xxee) i Vi

(39)
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Optimal Cooperative Law - Properties

Assuming equal team members speeds V; = VV and maneuver
capabilities n; = 1, Vi yields navigation gains as a function of the
team’s size

(
(Xerpe — Xeepr) Xenlgo (R =1) _ Pelgo  , _
) kixee(Xg, — XavXee)  n kixee
Ng = ¢
& — (Xere — Xeep) Xeylgo L k£
krXee (Xéy - X’Y’Yxff) "
(40)
r = tyo k
(Xivff X&f%))goE k<
| Xe, — XqyXee
N = &y g (41)
" — (Xeype — Xegpr)tgo (R —k)
\ (ngy o X’Y’Vxé.f) n -
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Optimal Cooperative Law - Properties

* The ZEM navigation gains are equally dependent on all the
other missiles in the team.

* |n contrast, the ZEA navigation gains are linearly dependent
on the index distance |i — k|.

* Choosing n — oo results in convergence of the ZEM
navigation gains to the 1-on-1 ZEM navigation gains and
the ZEA navigation gains are bounded by the 1-on-1 ZEA
navigation gains.
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2-on-1 Solution

Simplifying assumptions for analytic solution: 2-on-1,
ar = const, ideal dynamics

Cost function

87 87
J = 5 Zi(tg2) + 5 Z3(tg2) + §[zs<tfz> — Zu(ty2) — Aal® (42)
1 e 2 2 2 2
+2 niuy + nyuydl
0

Zero effort miss dynamics

(71 = —ki(tpr — t)uy
Zo = —ka(trs — t)us
Z3 = uy Vi

 Zy = ua/ Vs

(43)

Cooperative Optimal Missile Guidance Laws — p. 31/47



2-on-1 Solution

N
Zy
wi(t) = -
gol
N2
u§ (t> — 42 :
gol
where

/

N " .V
Zr(t) + =22 Zo(t) + N —
tgoQ t901
N2 OV
Zr(t) + =22 Zo(t) + N2 =2
go2 t902
Z1(t) = & + &itgor + krarts, /2
Z(t) = & + &atgor + kroart’ey /2
Z3(t) — tgolaT/VT + YT =+ Y1
Z4(t) — tgo2aT/VT + YT + 72

(Z3(t) — Za(t) — Ac)

(44a)

(45a)
(45b)
(45c)
(45d)
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2-on-1 Solution

The navigation gains are

N/ZUf — Skltgolal [t902V12BC22 + 2‘/22772021 (2V12 + 575901)} /Az

(46a)
N = 3kotpyViVaBasn? (6 — kitd 1on) /A, (46D)
N = 2V3 Bntgo1Cor (Kit 001 — 6) /A, (46¢)
N2 = 3kit;,, ViVaBay (60 — k3tdn00) /A, (46d)
N/ZZQ = 3k2t202&2 [tgo1 Vs B°Cla + 2ViPCh1 (2Ven® + Btge2) | /A,
(46€)

NZZi = 2V125t902011 (6772 — k%tgozag) /Az (46f)
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2-on-1 Solution

By enforcing perfect intercept and intercept angle
(a1, a9, B — 00), and assuming an identical missile team
launched at the same time (V; = V5 =V, and n = 1) we obtain

9 —3
N = — N = — Ny, =1 47
% 2k 2 2ky AZs (47)

By dictating that the second missile does not maneuver
(n* — o0), the 1-on-1 optimal guidance law is obtained with

6
N2 == Wi, =2 (48)
1 kl 3
The absolute values of N,' and N,!, for the cooperative case
are bounded from above by the 1-on-1 gains, and N ! is slightly
higher than the optimal APN gain (N, = 3/k1). These

properties actually hold for any team size (ideal dynamics case). |
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Performance Analysis

Parameter Value units

A 30 deg
00 5000 [m]
Vr 500  [m/s]
Vi, Vo 500  [m/s]
TT 0.2 [sec]
T1, T2 0.2 [sec]

ar 50  [m/s?]
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Explicit Cooperation - Trajectories

2000

1500

1000

500

Y [m]

-500

—1000

-1500

A 30 [deq], V V V 500 [m/s], a A =50 [m/s]
_02[3] r_02[s] a_10 a_10 p= 108 , N=1

Target
= = = Missile #1
Missile #2
------- One-On-One APN

Missile #1 : Miss= 0.05[m], Intercept Angle = 67.25 [deq]| . .

Missile #2 : Miss= 0.008[m], Intercept Angle = 38.03 [deg]

1{One—0On-0One APN : Miss= 0.002[m], Intercept Angle = 52.10[deg]| - 1

0

1000 2000 3000 4000
X [m]

5000
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Explicit Cooperation - Accelerations

140 - e . L o ﬁ
~ A =30 [deg], V,=V,=V,=500 [m/s], a,=50 [m/s], | -

120 ........ 14 L ......... "CI=O_2 [S]’ TT=O.2 [S], (X,1=105, a2=105t’ B=108, n=1 o

80_i ......... ............ ¢ .......... ........ \ ............

60 _.'. \.\\ ........ ......... ,.l.>. ’ ........... ............ ........... g

~ . I’
-~ ’ I’
40 T ” .......... \ ..... l.,ll

Acceleration [m/sz]
\
V4

20E, ........ R \/ ...... SRR T

| = = = Missile #1 | N | |
601 = = Missile #2 ............
vioorn - One-0On-0One APN : N, :

0 1 2 3 4 5 6
Time [sec]
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Explicit Cooperation - Navigation Gains

z

Missile #1 — NY

z

Missile #2 — NY

|
N

|||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||

A_=30 [deg], V.=V ,=V,=500 [m/s], a

5t=50 [m/s],

|
N

‘]‘ji=0_2 [S], ’]:T=O_2 [S]’ a1=105, 0(’2=10 y [3:108’ n=1

Time [secC]
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Implicit Cooperation - Trajectories (0,30)

A _30 [deq], A _O[deg] V _V _V =500 [m/s] a, =50 [m/s],

2000 .—02[S]r —02[8](1—10 cx—10 108 =t | -
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1500 H oo . MISSIIe #1 444444444 S SR ............. ]
Missile #2 ! ! !
1000 ............... 44444444444444 .............. .............. ............. ]
T 500
>—
0
O S AU e, SO _
—1000F oo 44444444444444 .............. .............. ............. |

Missile #1 : Miss= 0.04[m], Intercept Angle = 30.06 [deg]
_1500 Missile #2 : Miss= 0.23[m], Intercept Angle = —1.18 [de(]

0 1000 2000 3000 4000 5000
X [m]
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Implicit Cooperation - Accelerations (0,30)

300 - R R SR R ﬁ
: : : : Target

, - ; ; ; ; = = = |\lissile #1 |
2 .. , N S e e e e X
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i ' N : : : :
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Q 0 \/~~ .......................................
E S ~ o
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o . . N - . . .
:g 100+ - - N FCEER :~.§“§ ..... R :
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[0 . . . ~,. . .
S -200F - R R g R :
< . . . . ‘N . .

-300+ ;._4...H..{ ............ ; ............ ; ......... ’\”; ............
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ct c2 T2 "t
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-500 ' ;
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Comparison Between Explicit & Implicit Cooperation

X 105
25 ............... B A
: A 30 [deq], V _V V_500 [m/s], a g =50 [m/s] ,
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© - !

30 40 50 60 70 80
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Robustness to Target Maneuvers - Trajectories

2000 1A =30 [deg], v =V =V, 5oo [mis], a=50 [mis], | SR I
—02[8]1:—02[S]oc—10 a,=10°, p=10%, n=1 E
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0 1000 2000 3000 4000 5000
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Robustness to Target Maneuvers - Accelerations
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100
N';' 0
E, 5
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8 0
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-100
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Robustness to Target Maneuvers - Comparison

x 10° |
A= 30 [deq], V V —V 500 [m/s], a,=50 [m/s] A= AC1—30 (deg)
—02[3]17—02[8]0(—10 oc_10 B= 108 , =1 ~ ;
6 Target Acceleration Switch @t 2 [sec] :
S — ' : : ;
Bl ........................
o A I R :
£ z z |
s | e
SCU_S ............................................ _——‘—— ..............
ol = = = Implicit Missile#1
Implicit Missile#2 A
; ; Implicit Both Missiles |
1 44444444444444 ............ o Exp||C|t Missile#1
‘ o Explicit Missile#2 :
A o . O Explicit Both Missiles |
0 ! ' i
-10 0 10 20 30 40

AC . A02+3O [deg]

Cooperative Optimal Missile Guidance Laws — p. 45/47



Robustness to Target Maneuvers - Adaptation
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Summary & Conclusions

* Explicit cooperative guidance laws have been presented
* Compared to, 1-on-1 based, implicit guidance laws
* EXxplicit cooperation is much superior to implicit cooperation

* Cooperation dramatically improved homing performance
and reduced control effort

* Relative intercept angle capability can be used for
saturating target defences, improve observability, etc.

* Research was partially supported by the Israel Science
Foundation

* Shaferman, V. and Shima, T., “Cooperative Optimal
Guidance Laws for Imposing a Relative Intercept Angle"
AIAA Journal Guidance, Control, and Dynamics, 2014.
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