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Networked Dynamic Systems

networks of dynamical systems are one of
the enabling technologies of the future
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Networked Dynamic Systems

(1) = fi(wi(1), ui())

dynamics

1L @
S
@ I

topology interaction
(graph) protocol

ui(t) = !i(x(t),G
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Diffusively Coupled Networks

Kumamoto Model
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t il ]
' Neural Network
I
N . ,
CVi = fT(Mhi)+26 (V! Vi)
hi = g(Vi, hi)
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Diffusively Coupled Networks

Consensus Protocol
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Networked Dynamic Systems

What about robustness?
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what is the right way to approach
robustnessof networked dynamic systems?
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The Consensus Protocol

The consensus protocol is alistributed and
dynamic protocol used for computing the
average of a set of numbers.

Agent Dynamics Information Exchange Network
Xi (t) = u;(t) G=(V,E,W)
W . E! R
_)D_’ Incidence Matrix
E(G) ! RVIE
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The Consensus Protocol

The consensus protocol is alistributed and
dynamic protocol used for computing the
average of a set of numbers.

Consensus Protocol Laplacian Matrix
¥ L(G)! RV VI
Ui (t) = Wi (Xj (1) ! Xi(t)) ¥ L(G) = E(QWE(G)T
) ¥ L(G)1 =0

X(t) = ! L(G)x(t) e=(vi,vj)! E
Wi(e) = wj =[W]ee
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The Consensus Protocol

Consensus Protocol

ui(t) = wi (X (01 xi(t))
1l

X(1) - L L(G)x(1)

Theorem Let G = (V,&,W) be a weighted and

connected graph with positive edge weightgd/(k) > 0
for k =1,...,|&|]. Then the consensus dynamics
synchronizes; i.e., limys  X;(t) =" fori=1,...,

V).

Mesbahi & Egerstedt, Olfati-Saber, Ren
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Robustness in Consensus Networks

The Linear Weighted Q@ \
Consensus Protocol - |

|
()= w0 ! Xi() @g

AN . N
G 25 nodes [ @.. B
98 edges \ @

%\ﬁ
w*> -10191:° w' =-10.1911  w' <! 101917
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Synchronization and the Laplacian

x(t) = e “(®xg

tl,.i.m x(t) = ' 1 & L(G) has only one eigenvalue at the origin

L(G)! C L(G)! C L(G)

has only one has more than has at least one
eigenvalue at one eigenvalue negative eigenvalue
the zero at the zero (indepPnite)
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Synchronization and the Laplacian
X(t) =1 L(G)x(t)

system behavior depends on
the spectral properties of the C
graph Laplacian >

L(Q)! 0 L(Q)! O

has only one has more than has at least one
eigenvalue at one eigenvalue negative eigenvalue
the zero at the zero (indepPnite)
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Synchronization and the Laplacian
X(t) =1 L(G)x(t)

can we understand spectral
properties of the Laplacian C
from the structure of the graph? >

L(Q)! 0 L(Q)! O

has only one has more than has at least one
eigenvalue at one eigenvalue negative eigenvalue
the zero at the zero (indepPnite)
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The Uncertain Consensus Protocol

the nominal consensus protocol

4 )
c(t) = 1 L(G)x(t) + w(t) I
2(0): { ) -
z(t) = E(G,)" x(t -
(1) (Go) (1) -
- assume pbnite-energy disturbances
w(t) € L5]0, oo) 4 ™
- controlled variable are relative state§w(t) g 2(t)
over any graph of interest g G Y g
additive uncertainty in the edge weights
o= {" " =diag{!1,..., g () & & %!}

o X(t) = VE(G(W +A)E(GTx(t) + w(t)
BGA) Gy E (Go)TX(1)

‘ "% PU&HH)&HE +,-($! $' #%.$ 2nd Swedish-Israeli Control Conference
\ ; Faculty of Aerospace Engineering November 11, 2014



The Uncertain Consensus Protocol

the nominal consensus protocol

4 )
2(G) { x(t) i ! L(Q)$(22+W(t) I -
) = B(Go) () o
- assume pbnite-energy disturbances
w(t) € £5]0, oo) 4 ™
- controlled variable are relative state§w(t) g 2(t)
over any graph of interest g G Y g

sector-bounded non-linearitiesn the edge weights

I(y)=["1(y1) @&k (Vg D] "us! ul(y:)! #us

(G,"): ;‘58

I L(Gx(t)! E(G, )" E(G, )Tx(t) +w(t)
E(G,)" x(t)
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Spanning Trees and Cycles

A graph as the union of a spanning
tree and edges that complete cycles

E(G=E(T) | T
©=EM), | Tgo ;
Lirey = KEIEWQ! 1E7T$E(C)
3
4 SpAnNing tree ‘remaining edges ,
P J Ocomplete cyclesO
Weighted Edge Laplacian Essential Edge Laplacian
1 1 T .
L(G) = W2E(G)'E(GW 2 Le(DReoWRT ., = Less(G)
/similarity between edge\
R rows form a basis for the and graph Laplacians
(T.0)  cut space of the graph

L(G) - Le(G)

-

<
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The Edge Agreement

the uncertain linear edge agreement

Yr (G A)
| X:L — | Le(F)R(F C)(W + P PT)R(F C) T EI;I-W
z = E(G)' (EF)' %
- aminimal realization of consensus network
- z(t) € LT]0, 00).
the uncertain non-linear edge agreement
F(G") sector-bounded nonlinear couplings
Xe = ! Less(F)Xg ! Le(F)R(F,C)P(cb(PTR(TF oXe)) FEMw
z = E(G)" (EF)' X
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The Edge Agreement

4 I
What are therobustness marginor ! N
a consensus network with bounded - /
additive perturbations to the edge
weights?
w(t) z(1)
- robust stability >
- robust performance
- robust synthesis
7 — T T
Xt = I Le(F)Re oo(W+P!I'P )R(F oXe T ECW
z = E(G)' (Ef)' X
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Some Properties ot (G)

Proposition The matrix Le(T)Ri ¢eWR,
has the same inertia asR; ,WR/; .. Similarly,

the matrix (Le(T)R+ s WR/; ()71 has the sam

inertia as (R o WR ).

(T.C)

Recall: Theinertia of a matrix
IS the number of negative, 0O,
and positive eigenvalues

Proof:

Le(T)R(T, C) WREI-T C) ™ LG(T) % R(T, C) WR

2-7-, C) LE(T) 2

1 T 1 T
Le(ﬂ . R(T ,C)WR(T ,C)Le(T) s congruent to R(T,C)W R(T,C)

congruent matrices have the same inertia
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Some Properties ot (G)

Proposition 1
L(G)! 0" R, oWR' 1 0

(7,C)

The dePniteness of the graph T
Laplacian can be studied R(T C) W R

through another matrix! (T,C)

iIntimately related to the notion
of effective resistance of a
network
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Effective Resistance of a Graph

The effective resistance between two nodesu and v is the
electrical resistance measured across the nodes when the
graph represents an electrical circuit with each edge a resistor

V & V
u® w Jﬁ%%b
U [k

o= i edge weights are the
K Wi conductance of each resistor

ryo = (€, €))L (G)(e,! &)

toos = [LT(9)]yy —2[L79)]y + [LT(9)]

VvV
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Effective Resistance of a Graph

Proposition 1 | "
- I
L (G) = (EF)T Ry oWRl o

(T ,C) T

= (EN)"La (T)' 'ET

ruo = (€, €))L (G)(e,! &)
o

indicates a path from node g G=T UC
uto v using only edgesin  T(r.c) = (E7 Eﬂﬁ' E@E(C)
the spanning tree '

L
ET
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Effective Resistance of a Graph

= 11
rav = (ey ! e\,)T (El‘)T R(T,C)WR(TT,C) EL‘ (ey! ey)

Wi
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Effective Resistance of a Graph

: 11
rav = (ey ! e\,)T (El‘)T R(T,C)WRT EL‘ (ey! ey)

(T.C)

r1 r2
\'
r172
r =
Tt
! = 1" Wy +well' 1
1 .
= ITW 1 wg™
k —
—1 —1
— A ITW; "1+ w
W-=diag{wi,...,ws} T 6
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Signhed Graphs

a signed graph is a graph with positive
and negative edge weights

G=(V,E,W)
W:E! R (*) G=G ! G
E+ ={el £ W(e) >0} E ={e! E: W(e) <0}

Q/@\:\@ i

O
E(G+): E+ - E]—"+ R(;E+,c+) E(Q! ): E!

L(G = E(G)W.E(G.)" ! E(G )W |[E(G )’
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Spectral Properties of Signed Grapr

Proposition |

] 1 1 T
L(G)! 0" W | E,

I
E! E+ W+ EI . O

Proof:

Schur Complement

L(G) = E(G)W.E(G.)" ! E(G)IW: [E(G)’
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Spectral Properties of Signed Grapr

Proposition 1

| $
. I | Bl (EL )! E!TNF+ 0
LO! 0" # BE By Re o WiRL o, 0 & 0
NT E 0 0
Proof: R 0 # )
Congruent Transformation S = 0 (EL)T N,
. wi- BT
applied to E. E,W,ET

E(G)=E+ = E5 R(F+ Cs) i

IM[N¢ ] = span[N /%i @\@ Ny -

ldentiPes how the posmve
. weight graph Is partitioned -

OO = ==
—_ -0 O O
| ]
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Spectral Properties of Signed Grapr

Proposition 1

l $
Wi | ET(BL )T ET N,
1 ] . F 4 T ; + 00
LG! 0" # EF+E! R +,c+)W—|-R(F+,C+) 0 10
NFT+ E 0 0
Proof: | o 0 y -
Congruent Transformation S = 0 (EFL+ 7T N
ad 1 W |_ ET
applied to E.  E,W,.ET
If the positive portion weighted
graph is connectedE
: L T
NF — ]]_ EF _|_E_ R(F+’C+)W‘|‘R(F +.C1)

g $%&HH)&A* +,-(3! $' #%.$ 2nd Swedish-Israeli Control Conference
:; Faculty of Aerospace Engineering 29 November 11, 2014



Spectral Properties of Signed Grapr

Theorem  Assume thatG. IS connected anc
& |=1landlet& ={e = (u,v)}. Let ry
denote the dfective resistance between nodes
u,v! V over the graphG, . Then

L(G)" 0# W(e)|$ 1y,

Proof:
Wi 11 ETEE ) R, o WeRE o)) TELE " 0
! . + ..# + Ly + $
ruv (G+) " (g+ )
any single edge can destabilize u ©° v
a consensus network with a
Onegative enoughO edge weight VVVVY

W(e ) *
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A Small-Gain Interpretation

upper fractional transformation
_ . q(?) | p(t)
S(' £(G9)," )= Moo+ Mo" (I'" M11" ) "My .

Mll(s) — PTRT (SI + Less (F))l 1L9(F)R(~7:,C)P

(F.C)
Mi2(s) = PR, o (sl + L (F)) 'E(F)' w(t) ‘»@ (1)
M21(8) = E(Go)T(EL)T(SI + Lus (F))' 'Le(FIR(r.c)P G g

M2a(S) = E(Go)"(EL)T (sl + Lo (F) E(F)T.

Small-Gain Theorem
1< °(Mq1(0)" !
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A Small-Gain Interpretation

assumenominal network Is
stable

consider a network with only
a singleuncertain edge

& = {{uVi}
Theorem
- [[M11(s)[li = Ruy
- The uncertain consensus network Is stable for any
11 < Ry,

Mii(s) = PTR/, o (sI+ Lo (F))' 'Le(F) Rz, P

(F.C)

: 11
rav = (ey! ey)’ (El‘)T R(T,C)WR(TT,C) El‘ (ey! ey)
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A Small-Gain Interpretation

assumenominal network is 0
stable M/\M
consider a network with only u V
. i O— —O
a singleuncertain edge
& =V Ruv(9)
Theorem
- [IMa1(s)[li = Ru
- The uncertain consensus network Is stable for any
11 o< R

for single edge uncertainty, small-gain condition isexact
(l.e., N0 conservatism)
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Spectral Properties of Signed Grapr

Corollary 1  Assume that bothE:. and E
are not empty. If G. Is not connected, then
L (G) Is iIndePnite for any choice of negative weight

a balanced signed graph
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Graph Cuts and Robustness

The smallest cardinality cut of a graph can
be thought of as acombinatorial robustness
measure for linear consensus protocols
==> put always conservative

S 11

max W (e) $ maxRe(G) $ T (M;1(0))
tS,e" E e" E

As In the single negative weight edge
example, graph cuts act to make an Oopen
circuitO

¥max-Bow/min-cut algorithms
¥minimum cardinality cut algorithms
(Karger)

B

<
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A Small-Gain Interpretation

| F (G, ") sector-bounded nonlinear couplings
Xe = ! Less(F)Xe ! Le(F)R: oP(®(PTRL X)) +Elw
z = E(Go)T (EL)Tx;
"Corollary Consider the nonlinear edge agreeme

protocol! ~(G," ) with E = {{u,v}} (e, |E | = 1)
| and assumeé (G) is nominally stable. Theh -(G," ) is
asymptotically stable for all ! ! satisfying

< RELG) and (" 1)2" 2(" " 1)" 1) > " 2w,,.
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An lllustrative Example

any single edge in the
cycle can make the
Laplacian indePnite

O
w10 4
| | o A
We = — 'r_ — o e,
AN D e ——
6 W7 ws b T
1 —— —

has two eigenvalues
L(G) at the origin
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An lllustrative Example

2
MEZ] X
’
/1 /

=7
/4

( N =% i
S TAEES< VRS

"‘V/‘\v =|’,\\

e

9

2O
<=

random geometric graph on 75 nodes

uncertain edge in blue

<
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Concluding Remarks

¥ networked dynamic systems require new
tools for robustness analysis

¥ graph properties have real system theoretic
iImplications
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