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Motivation
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SAFETY is the highest priority for autonomous driving

The traffic and the environment in which 
Autonomous Vehicles (AVs) operate are 

dynamic and highly unpredictable. 

[1]. Ahmed, Qadeer, and Vishnu Renganathan. Cybersecurity and Digital Trust Issues in Connected and Automated Vehicles. No. EPR2024009. 2024.



Introduction
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• A vehicle with fully autonomous lateral and longitudinal 
actuation, equipped with a fully functional sensor stack

Our journey from here

to here and beyond…

• Dynamic obstacle avoidance with 
safety control for fast execution on 
nonlinear systems
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Introduction

What is safe control?

Def: Controlled invariant sets
• If 𝑋𝑠 is the set of admissible states
• 𝑋𝑖 is a controlled invariant set (safe set) IFF

• 𝑋𝑖 ⊂ 𝑋𝑠

• ∀𝑥 ∈ 𝑋𝑖, ∃𝑢 such that 𝑥𝑘+1 ∈ 𝑋𝑖

𝑋

𝑋𝑠

𝑋𝑖

𝑥 ∈ 𝑋𝑖

𝑢
𝑥𝑘+1 ∈ 𝑋𝑖

On the AV stack, where do we start?

At the controller
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Model Predictive Controller (MPC) 
Why MPC and not any other controller? 
1. Optimal controller 
2. Explicit Constraint Handling
3. Predictive Capability

Current State 
measurements

MPC Controller

Vehicle Model
Constraints 

and 
Cost function

𝑡 + 𝑇horizon

Reference state output

𝑥(𝑡)

𝑡 𝑡 + 𝑇sampling time

Optimal control

Apply first step of the optimal control 𝑢∗(𝑡 + 𝑇sampling time)

Predicted output



MPC – Vehicle Dynamics
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𝛽𝑡 = tan−1
𝑙𝑟

𝑙𝑓 + 𝑙𝑟
∗ tan 𝜓𝑡

𝑥𝑡+1 = 𝑥𝑡 + 𝑑𝑡 ∗ 𝑣𝑡 ∗ cos(𝜓𝑡 + 𝛽𝑡 )

𝑦𝑡+1 = 𝑦𝑡 + 𝑑𝑡 ∗ 𝑣𝑡 ∗ sin(𝜓𝑡 + 𝛽𝑡 )

𝜓𝑡+1 = 𝜓𝑡 + 𝑑𝑡 ∗
𝑣𝑡

𝑙𝑟
∗ 𝑠𝑖𝑛𝛽𝑡

𝑣𝑡+1 = 𝑣𝑡 + 𝑑𝑡 ∗ 𝑎𝑡

𝑎: 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛, 𝑎𝑛𝑑 𝜔: 𝑠𝑡𝑒𝑒𝑟𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒

𝑙𝑟: 𝑐𝑒𝑛𝑡𝑒𝑟 𝑡𝑜 𝑟𝑒𝑎𝑟 𝑤ℎ𝑒𝑒𝑙, 𝑙𝑓: 𝑐𝑒𝑛𝑡𝑒𝑟 𝑡𝑜 𝑓𝑟𝑜𝑛𝑡 𝑤ℎ𝑒𝑒𝑙

𝑡: 𝑡𝑖𝑚𝑒, 𝑑𝑡: 𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔 𝑡𝑖𝑚𝑒

Vehicle Kinematics Model Discrete-time vehicle dynamics

(slip angle)

(x position)

(y position)

(yaw angle)

(velocity)

States: 

𝑥
𝑦
𝜓
𝑣

Inputs: 
𝑎
𝜔



• Input Bound Constraint: Constrain the minimum and maximum steering and acceleration

  𝜔𝑚𝑖𝑛 < 𝜔𝑘 < 𝜔𝑀𝑎𝑥

  𝑎𝑚𝑖𝑛 < 𝑎𝑘 < 𝑎𝑀𝑎𝑥

• State Bound Constraint: Constraint the minimum and maximum velocity

  𝑣𝑚𝑖𝑛 < 𝑣𝑘 < 𝑣𝑀𝑎𝑥

MPC - Constraints 
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• Initial State Constraint: Constraint the initial state as the current position to predict the 

next state

  𝑥0 = 𝑥𝑡 , 𝑦0 = 𝑦𝑡 , 𝜓0 = 𝜓𝑡 , 𝑣0 = 𝑣𝑡

Initialize the states for the 
optimization problem

Velocity bounds for safe navigation and collision 
avoidance

Input bound constraints to impose feasible 
actuation on the vehicle 

Input rate bound constraints to avoid high 
actuation rates and to have smooth inputs

• Input Rate Bound Constraint:

  ሶ𝑎𝑚𝑖𝑛 − 𝑎𝑆 < Δ𝑎𝑡 < ሶ𝑎𝑀𝑎𝑥 + 𝑎𝑠

  ሶ𝜔𝑚𝑖𝑛 − 𝜔𝑆 < Δ𝑎𝑡 < ሶ𝜔𝑀𝑎𝑥 + 𝜔𝑠



MPC – Cost Functions
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What is reference set point?
It is the reference trajectory

• The set of GPS waypoints the AV is intended to follow
• We get this information from a Global path planner

For simplicity in error tracking and easier integration with perception, 
we convert the Lat and Lon coordinates to cartesian coordinates - 
East-North-Up (ENU)



MPC – Cost Functions
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Error-based cost function:

𝐽𝑥 = 𝑄𝑥 𝑥𝑡 − 𝑥𝑟𝑒𝑓 𝑄𝑥
𝑇

𝐽𝑦 = 𝑄𝑦 𝑦𝑡 − 𝑦𝑟𝑒𝑓 𝑄𝑦
𝑇

𝐽𝑣 = 𝑄𝑣 𝑣𝑡 − 𝑣𝑟𝑒𝑓 𝑄𝑣
𝑇

𝐽𝜓 = 𝑄𝜓 𝜓𝑡 − 𝜓𝑟𝑒𝑓 𝑄𝜓
𝑇

𝐽𝑢 = 𝑅 𝑢𝑡+1 − 𝑢𝑡 𝑅𝑇

𝐽𝑡𝑜𝑡𝑎𝑙 = 𝐽𝑥 + 𝐽𝑦 + 𝐽𝑣 + 𝐽𝜓 + 𝐽𝑢

Optimization Goal: Minimize the 𝑱𝒕𝒐𝒕𝒂𝒍

⇒ Minimize the deviation from the reference 

trajectory

X (East) [m]

Y (North) [m]

(𝑥𝑡, 𝑦𝑡)

𝑦

𝑥

𝑣𝑡

𝜓𝑡

𝑚0

(𝑥𝑡
𝑟𝑒𝑓

, 𝑦𝑡
𝑟𝑒𝑓

)
Reference trajectory

𝑣𝑡
𝑟𝑒𝑓

Vehicle Kinematics Model
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MPC formulation and its performance analysis

𝐽 𝑥𝑡, 𝑢𝑡 = 
𝑘=0

𝑁−1

𝑥𝑡+𝑘|𝑡 − 𝑥𝑡+𝑘|𝑡
ref

𝑄

2
+ 𝑢𝑡+𝑘|𝑡 − 𝑢𝑡+𝑘−1|𝑡 𝑅

2

𝐽𝑡
∗ 𝑥𝑡 = argmin

𝑢𝑡:𝑡+𝑁−1|𝑡

𝑝(𝑥𝑡+𝑁|𝑡) + 𝐽 𝑥𝑡, 𝑢𝑡

Such that 𝑥𝑡+𝑘+1|𝑡 = 𝑓 𝑥𝑡+𝑘|𝑡, 𝑢𝑡+𝑘|𝑡

𝑢𝑚𝑖𝑛 < 𝑢𝑡+𝑘|𝑡 < 𝑢𝑚𝑎𝑥

ሶ𝑢𝑚𝑖𝑛 < 𝑢𝑡+𝑘 − 𝑢𝑡+𝑘−1 < ሶ𝑢𝑚𝑎𝑥

𝑝 𝑥𝑡+𝑁|𝑡 ∈ 𝑋

Cost function

Vehicle dynamics

Input Constraints

Input rate constraints

Terminal cost

Feasibility

Stability

Optimality
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Safety-Distance Constraints (MPC-DC)

Define a distance constraints function 𝑔 𝑋𝑡 𝑋𝑜𝑏𝑠  

where 𝑋𝑡 = 𝑥 𝑡 , 𝑦 𝑡 , 𝑋𝑜𝑏𝑠 = (𝑥𝑜𝑏𝑠 , 𝑦𝑜𝑏𝑠), and 

𝐷𝑠𝑎𝑓𝑒  is the safety distance.

Nonlinear MPC with 
discrete-time safe-distance 

constraints

𝑢 𝑥

𝑔 𝑋𝑡|𝑋𝑜𝑏𝑠 = 𝑋𝑡 − 𝑋𝑜𝑏𝑠
2 − 𝐷𝑠𝑎𝑓𝑒 ≥ 0

𝑔(𝑋𝑡|𝑋𝑜𝑏𝑠)

Vehicle

Obstacle

The vehicle has a safety radius, the obstacle has a safety 
radius, and the safety is imposed through the constraints



Int(𝑆) = {𝑥 ∈ ℝ𝑛: ℎ(𝑥) > 0}
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Safety Constraints – Control Barrier Function (CBF)

Define a function ℎ: ℝ𝑛  → ℝ, 𝑆 is the closed safe set 

𝑆 = {𝑥 ∈ ℝ𝑛: ℎ(𝑥) ≥ 0}

𝑆 = {𝑥 ∉ 𝑆, ℎ 𝑥 𝑡 < 0} Unsafe condition

For a nonlinear function ሶ𝑥 = 𝑓(𝑥)

ℎ(𝑥)
𝜕𝑆 = {𝑥 ∈ ℝ𝑛: ℎ(𝑥) = 0}

ሶℎ 𝑥 ≥ 0
∀𝑥 ∈ 𝜕𝑆

• There exists a function 𝒉 that is always 
greater than zero

• As we approach the boundary of the 
safe-set, the function 𝒉 increases

Now, for the function ℎ(𝑥), ሶℎ 𝑥  can be implemented in 
discrete-time and continuous-time 

Zeng, Jun, Bike Zhang, and Koushil Sreenath. "Safety-critical model predictive control with discrete-time control barrier 
function." In 2021 American Control Conference (ACC), pp. 3882-3889. IEEE, 2021.



Key Takeaway
Any control action 𝒖 ∈ 𝑼, that keeps CBF ℎ 𝑥 ≥ 0, renders the safe set 𝑆 forward invariant. 

Then 𝒖 is a safe control input 13

Controller Formulation

Nonlinear MPC with 
discrete-time safe-

distance constraints

𝑢 𝑥

Nonlinear MPC with 
discrete-time CBF 

constraints

𝑢 𝑥

(I)

(III)

(II)

MPC
𝑢MPC ∉ KCBF

QP
𝑢CBF ∈ 𝐾CBF

𝑢CBF 𝑥

AV test vehicle

Vehicle 
dynamics

Vehicle sensor stack

Camera

Lidar

GNSS/IMU

Lateral and 
longitudinal 

control

𝑢 𝑥

Control Loop

Safe Controller
Safety constraints for obstacle avoidance
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Platform and Testing setup

BUCKEYE LOT

Tool: Python(ROS2, CasADi)
Predefined information: 
• Reference Trajectory
• Obstacle Information (assume that it’s from perception)

Real-time input:
• GPS (20Hz)
• IMU(100Hz)
• Velocity (CAN BUS)

Safe Analysis:

𝑑𝑚𝑖𝑛 = min( 𝑋𝑡 − 𝑋𝑜𝑏𝑠
2, 0)

𝑑𝑠𝑐 = 𝑅𝑣 + 𝑅𝑜 + 𝑠𝑎𝑓𝑒 𝑑𝑖𝑠
𝑑𝑐𝑐 = 𝑅𝑣 + 𝑅𝑜

• Safe condition:  𝑑𝑚𝑖𝑛 ≥ 𝑑𝑠𝑐

• Unsafe condition: 𝑑𝑐𝑐 < 𝑑𝑚𝑖𝑛 < 𝑑𝑠𝑐

• Collision condition: 𝑑𝑚𝑖𝑛 ≤ 𝑑𝑐𝑐



15Details: https://github.com/OSU-CAR-MSL/NMPC-CBF-AV

Scenario I – Static Obstacle Avoidance

Controller Avg. computation time [s] Total run time [s] Min dis to obs [m]

MPC-DC 0.0268 ± 0.0135 8.428 4.25

MPC-CBF 0.0328 ± 0.0173 10.623 5.4387

MPC-CBF-QP 0.0188 ± 0.0111 5.342 6.895

Controller 𝒅𝒎𝒊𝒏[𝒎] 𝒅𝒔𝒄 / 𝒅𝒄𝒄 [m] Safe Analysis

MPC-DC 4.748 5.3 / 3.8 Unsafe

MPC-CBF 5.32 5.3 / 3.8 Safe

MPC-CBF-QP 7.872 5.3 / 3.8 Safe

Safe distance = 1.5m, obstacle = 2m, vehicle = 1.8
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Scenario I – Static Obstacle
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Scenario II – Sudden Pedestrian Interaction

Controller Avg. computation time [s] Total run time [s] Min dis to obs [m]

MPC-DC 0.0256 ± 0.0151 6.966 3.847

MPC-CBF 0.0322 ± 0.0217 9.357 5.208

MPC-CBF-QP 0.0216 ± 0.0117 5.666 6.895

Controller 𝒅𝒎𝒊𝒏[𝒎] 𝒅𝒔𝒄 / 𝒅𝒄𝒄 [m] Safe Analysis

MPC-DC 4.557 5.8 / 2.8 Unsafe

MPC-CBF 4.929 5.8 / 2.8 Unsafe

MPC-CBF-QP 6.9565 5.8 / 2.8 Safe

Safe distance = 3m, pedestrian = 1m, vehicle = 1.8
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Scenario II – Sudden Pedestrian
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Summary 

So, with all this effort can we guarantee 100% safety? NO
• All these efforts provide a mathematical framework to enforce safety. 
• There are practical considerations:

1. Perfect working of sensors and perception pipeline
2. Finding the optimal or at least feasible solution – based on computation limits
3. Uncertainties in measurement, model and the environment  
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Thank You!

Questions!
Special Thanks to:

 Yuvraj Singh, Qizhe Xu, Javed Nur Uddin, Shengzhe Tan, Derin Durak
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