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Undergraduate Background

Continuous-time Discrete-time

x ∈ Rn

t ≥ 0 k = 0, 1. 2, . . .

ẋ(t) = Acx(t) k(k + 1) = Adx(k)

x(t) = eAc tx(0) xd (k) = Ad
kx(0)

exponential stability

spec(Ac) ⊂ CL spec(Ad ) ⊂ D(0, 1)
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Stability Region
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end of undergraduate background
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The Stein and the Lyapunov Inclusions

∃ P � 0

The Stein Inclusion

SP := {Ad ∈ Cn×n : P − Ad
∗PAd � 0}

Ad ∈ SP ⇐⇒ spec(Ad ) ⊂ D(0, 1)

The Lyapunov Inclusion

LP := {Ac ∈ Cn×n : −(PAc + Ac
∗P) � 0}

Ac ∈ LP ⇐⇒ spec(Ac) ⊂ CL
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The Cayley Transform

Ad ,Ac ∈ Cn×n − 1 6∈ spec(Ad ) 1 6∈ spec(Ac)

Ad = Cc(Ac) := (In + Ac)(In − Ac)−1

Ac = Cd (Ad ) := (Ad − In)(Ad + In)−1

properties (whenever inverses exist)

Cc(Cd (Ad )) = Ad Cd (Cc(Ac)) = Ac

Cc(A−1
c ) = −Ad Cd (− Ad ) = A−1

c
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The Cayley Transform (cont.)

Cc( CL︸︷︷︸
left half plane

) = D(0, 1)︸ ︷︷ ︸
unit disk

Cd (D(0, 1)︸ ︷︷ ︸
unit disk

) = CL︸︷︷︸
left half plane
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The Stein and the Lyapunov Inclusions (again)

∃ P � 0

The Stein Inclusion
SP := {Ad ∈ Cn×n : P − Ad

∗PAd � 0}

The Lyapunov Inclusion

LP := {Ac ∈ Cn×n : −(PAc + Ac
∗P) � 0}

The Cayley transform

Cd (SP ) = LP Cc(LP ) = SP
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Quantitative Stability - Sub-Unit Disk
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Quantitative Hyper-Stein Inclusion

∃ P � 0 P − Ad
∗PAd � 0

For β ∈ [0, 1) (1−β)P − Ad
∗

(1+β)PAd � 0

SP(β) := {Ad ∈ Cn×n : P − Ad
∗PAd � β(P + Ad

∗PAd )}

Ad ∈ SP(β) ⇐⇒ spec(Ad ) ⊂ D
(

0,
√

1−β
√

1+β

)
1 > β > β̂ > 0 =⇒ SP(β) ⊂ SP(β̂) lim

β −→0
SP(β) = SP
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The Cayley Transform of a Sub-Unit Disk

[L. (2024)]

Cd (D(0,
√

1−β
√

1+β
)) = D

(
1
β +i0,

√
1−β2

β

)
︸ ︷︷ ︸

DINV(β)

β ∈ [0, 1)

Cd (D (0, 1) ) = CL β = 0

(D
(

1
β +i0,

√
1−β2

β

)
)−1 = (DINV (β) )−1 = DINV (β)

A. Rantzer, 1993 : A Weak Kharitonov Theorem holds iff the

Stability Region and its Reciprocal are Convex
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The Cayley Transform of a Sub-Unit Disk (cont.)
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Quantitative Hyper-Lyapunov Inclusion

∃P � 0 β ∈ [0, 1)

Cd (SP(β)) = LP(β) = {Ac ∈ Cn×n : PAc + Ac
∗P � β(P + Ac

∗PAc) }

Ac ∈ LH(β) ⇐⇒ spec(Ac) ⊂ DINV (β)

1 > β > β̂ > 0 =⇒ LH(β) ⊂ LH(β̂) lim
β −→0

LH(β) = LH

Izchak Lewkowicz Quantitative Stability of Autonomous[0.2cm] Linear Systems



An Application - Differential Inclusion

The Hyper-Lyapunov Inclusion P � 0 β ∈ [0, 1)

LP(β) := {Ac ∈ Cn×n : PAc + Ac
∗P � β(P + Ac

∗PAc) }

A Differential Inclusion: For a given finite set M ⊂ Cn×n

ẋ ∈ Mx means

ẋ = A(·, ·)x dependence on t, x arbitrary, but A(·, ·) ∈ M

∃ P � 0 s.t. M ⊂ LP(β) =⇒

all trajectories are quantitatively bounded from above and below
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